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This study presents a semi-analytical model for transient magnetohydrodynamic (MHD) flow with 
electrokinetic coupling in cylindrical capillaries representing subsurface oil transport pathways. The model 
incorporates Lorentz force, electric double layer (EDL) effects, constant pressure gradient, and time-dependent 
momentum in the Navier-Stokes equations. Using the electrokinetic potential and magnetic field parameters, the 
governing equations are transformed into a Bessel-type form and solved through Laplace transform methods. 
Analytical expressions for velocity, shear stress, and flow rate are obtained in Laplace domain after which a 
numerical inversion method based on Riemann-Sum Approximation is used to describe the flow behavior under 
combined magneto-electrohydrodynamic effects in time domain. Parametric results show that stronger magnetic 
fields damp velocity oscillations, while higher electrokinetic coupling enhances near-wall fluid motion due to EDL-
induced slip. The interaction between magnetic field and electroosmotic forces determines the time required for 
full flow development. The findings provide insight into microscale transport in oil-brine mixtures and indicate that 
electrokinetic effects significantly increase both velocity and mass flow rate.  
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1. Introduction 

 
 With the reduction of the use of mechanical machines to create a carbon- free environment, the use of 
electro-kinetic effects continues to receive considerable attention, owing to their applications in medicine, 
engineering, and oil production. One of the most important applications of electro-kinetics is the design of 
defibrillators (A device used in cardiopulmonary resuscitation (CPR)) which delivers an electric current to the 
heart and is commonly used to treat ventricular fibrillation (VF) and non-perfusing ventricular tachycardia 
(VT) [1, 2]. In the field of civil engineering, the electro-kinetic effect has applications in the improvement of 
oil production and water purification. Anbah [3] demonstrated that the application of an external electric field 
to oil-water saturated media drives the electrophoretic transport of fluids toward the cathode. El-Sapa et al. [4] 
investigated the transient electrophoresis of conducting colloidal particles in porous media using a cell model 
and reported that increasing the permeability resistance parameter significantly reduces the flow rate and 
stream function while enhancing microrotation. The study also showed that zeta potential asymmetry can be 
used to control or even reverse the flow. Other relevant applications are found in soil engineering for soil 
drainage and electrochemical stabilization of soil [5]. Recent advances in electrokinetic phenomena have 
enabled the design of micropumps for applications in drug delivery, fuel transport, and biochemical reaction 
platforms [6]. Significant research has been conducted to characterize the flow development and heat transfer 
of electrokinetically driven fluids within cylindrical geometries [7-10]. 
 The applications of electrically conductive fluid cannot be over-emphasised, ranging from power 
generation to the magneto-hydrodynamic (MHD) pump and the thermal recovery of oil. Gold [11] investigated 
the formation of MHD pipe flow and found that increasing magnetic field strength leads to decreasing flow 
rate. Later, Kumar and Rajathy [12] numerically carried out an investigation on MHD flow around a circular 
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cylinder at low to moderate Reynolds numbers. They concluded that the influence of Reynolds number is to 
increase flow rate. Sharma and Hemanta [13] studied the heat and mass transport in MHD flow generated by 
an axially moving cylinder, with radiation and thermal diffusion effects. All the above-mentioned literatures 
have considered only the steady-state problem. It is well known that for liquids with a low Reynolds number, 
the viscous forces are very strong relative to the inertia forces, and so the inertia forces have a smaller influence 
on the velocity field. The transitory state therefore has a negligible influence on the formation of flows. Ragab 
[14] examined transient electrophoresis of conducting colloidal particles in porous media using a cell model. 
The study derived closed-form expressions for electrophoretic velocity and provides analytical and numerical 
results describing the velocity behavior of conducting colloidal suspensions in porous environments, thereby 
extending previous steady and unsteady electrophoresis models. Also, Sherief et al. [15] investigated the transient 
electrophoretic motion of a conducting spherical particle in an electrolyte-saturated charged porous medium. 
 On the other hand, flow with high Reynolds number, the steady state analysis becomes insufficient to 
describe flow formation in any geometry. Singh and Lal [16] employed the finite difference approach to predict 
flow formation of MHD through pipes of various shapes, including rectangular, circular, and triangular 
sections. In other work, Boricic et al. [17] examined the MHD effect on unsteady dynamic flow within the 
boundary layer around a horizontal cylinder. Also, Deka and Paul [18] obtained an analytical solution for a 
turbulent free-flow MHD flow through an infinite cylinder and reported that the magnetic field slows the flow. 
Using the Laplace transform approach, several studies have investigated flow evolution and heat transfer in 
cylindrical geometries subjected to a transverse magnetic field [20-23]. 
 Maurya et al. [24] developed an analytical solution describing the formation of transient 
magnetohydrodynamic flow within a circular cylinder. They employed the method of separation of variable and 
obtained the solution as an infinite series with computations of first fifty zeros of a first order modified Bessel 
function. These results demonstrate the attainment of steady state at large time intervals. The method is numerically 
rigorous; however, series convergence is typically achieved only at large time values, where the zeros of the first-
order modified Bessel function are obtained by solving the corresponding transcendental equation. 
 The innovative element of this investigation lies in developing a transient semi-analytical formulation of 
magnetohydrodynamic flow coupled with electrokinetic effects in capillary-scale structures representative of porous 
oil reservoirs. The derived Bessel-type analytical solutions reveal the interplay between magnetic damping and 
electrokinetic acceleration mechanisms in determining transient flow formation in conductive hydrocarbon-brine 
systems. This coupling framework provides a theoretical foundation for subsurface electro-magnetically enhanced oil 
transport, offering predictive capability for designing field stimulation, smart drilling fluids, and EOR operations based 
on electrokinetic-MHD principles: a direction largely unexplored in current petroleum transport modelling literature.  
 The basic contributions in this article are as follow: 
(a) The integration of electrokinetic effects allows for the precise regulation of mass flow rates. 
(b) By optimizing control parameters, both skin friction and internal surface corrosion within the tube can be 
significantly minimized. 
 
Major Advancements over Maurya et al. [24] 
 

1. Emergence of a Transition Regime: The model identifies a distinct transition phase where the flow 
physics shifts from purely magnetohydrodynamic (MHD) dominance to a combined electrokinetic-
MHD regime. 

2. Dual-Parameter Flow Control: Unlike previous single-effect models, this framework introduces dual-
parameter control, enabling the simultaneous optimization of fluid transport within capillary channels 
through both electrical and magnetic tuning. 

3. Synergistic Surface-Field Interactions: Velocity and skin friction are found to be jointly regulated by 
electrical double layer (EDL) thickness and magnetic field strength. This interaction produces complex 
flow behaviours that are absent in models considering these effects in isolation. 

4. Altered Transient Development: The introduction of electrokinetic forcing significantly modifies the 
transient evolution process, fundamentally changing the time scales required for the flow to reach a 
steady-state equilibrium. 
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5. Dynamic Force Balancing: The flow velocity is redefined as a precise balance between magnetic 
suppression and electrokinetic enhancement, allowing for more granular control over the velocity 
profile compared to traditional models. 

 
1.1. Mathematical analysis  
 
 Consider an unsteady, laminar, fully developed flow of an electrically conducting fluid in a horizontal 
tube of radius '

1r  in the presence of electrokinetic effect. The flow is propelled by a combination of external 
voltage gradient and constantly applied favourable pressure gradient in the direction of the flow. An electric 
potential 1ζ  is imposed on the tube’s surface, as illustrated in Fig.1. The electric double layer (EDL) charge 
distribution obeys the Boltzmann distribution, thereby neglecting ionic convection effects. Moreover, the 
electric potential is assumed to be small enough to withstand Debye-Hückel linearization, which has been 
proven to be a reasonable approximation for describing the flow evolution in a tube (Liechty et al. [25]). The 
Debye-Hückel approximation is justified by the low concentration of dissociated ions and low dielectric 
constant of crude oil, ensuring the electrical double layer remains within the linear potential regime. Ionic 
convection on the other hand is neglected due to the high viscosity of the oil phase, which results in a low 
Péclet number ( )Pe 1<<  where diffusive transport dominates over advection. The single-capillary 
representation provides a fundamental unit-cell model to isolate interfacial interactions from complex pore-
scale tortuosity. Moreover, the applied external voltage is significantly larger than the flow-induced voltage. 
These assumptions remain valid for laminar flow in tight hydrocarbon reservoirs, though they may reach their 
limits in high-permeability zones or under significant pressure gradients. 
 

 
 

Fig.1. Schematic diagram of problem formulation. 
 
 Further, the externally applied voltage greatly exceeds the flow-induced voltage. Unless otherwise 
specified, all other thermophysical parameters are assumed to be constant. 
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2. Electric potential 
 
 Based on these assumptions, the electrical potential distribution is obtained by solving the Poisson-
Boltzmann equation as follows: 
 

  .2 eρ
∇ φ = −

ε
  (2.1) 

 
The combined effect of the external field Φ and the EDL-induced potential ′ψ , results in the potential φ . 
Where eρ  is the net volume charge density of symmetric electrolyte and defined as [26]: 
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Since the flow is considered in a fully developed region, the external potential gradient exists solely in the 
axial direction, ( )rφ = φ ′  and ( )r′ψ = ′ψ ′ . Hence: 
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subject to the boundary conditions: 
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where 1ζ  is the zeta-potential at the surface of the tube. 
Applying the Debye-Hückel linearization, valid for small surface potentials, Eqs. (2.3) and (2.4) simplify to 
the following dimensionless forms: 
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Equation (2.5) is a Bessel’s differential equation and the solution of Eqs. (2.5), considering boundary 
conditions (2.6), can be expressed as: 
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3. Flow field 
 
 Expanding the approach of Maurya et al. [24] to incorporate electrokinetic effects, the governing 
equations for the current physical system are defined as follows: 
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together with the following prescribed initial and boundary conditions: 
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Where the foregoing parameters are properly defined in the Appendix. The electrokinetic parameter ( )A  
represents the dimensionless coupling between electrical potential and fluid flow, specifically quantifying the 
efficiency of electro-osmotic transport within the capillary. Physically, it scales the ability of the electrical 
double layer (EDL) to drive fluid motion under an applied field or to generate a streaming potential under a 
pressure gradient. 
 Employing the dimensionless variables introduced in Eq.(3.3), Eq.(3.1) and (3.2) reduce to: 
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And the initial and boundary conditions become:  
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4. Steady state analysis 
 
 The solution at steady state for Eq.(3.4) with boundary conditions (3.5), is given by: 
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The solution to Eq.(4.1), satisfying the boundary conditions in Eq.(4.2), is given in closed form using the 
modified Bessel function of the first kind: 
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5. Transient state analysis 
 
 Equation (3.4) is a second order non-homogeneous partial differential equation. It is convenient to 
transform it into homogeneous partial differential equation by defining a new velocity ( ),zU R t  using the 
following transformation: 
 
  .z sU U U= −  (5.1) 
 
Substituting Eqs (5.1) into (3.4) and (3.5), the following second order homogeneous partial differential 
equation is obtained: 
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with the initial and boundary conditions: 
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Using the Laplace transform technique, defined as: 
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Using Eq.(5.4), the partial differential Eq.(5.2) is transformed into ordinary differential equation: 
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The exact solution of Eq.(5.5) in Laplace domain with boundary condition (5.6) is: 
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The transient skin-friction at the tube inner surface and the mass flow rate are respectively given as: 
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where  0I  and 1I  denote the modified Bessel functions of the first kind of orders zero and one, respectively, 
and are defined as follows: 
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6. Riemann-Sum Approximation (RSA) 
 
 Equations (5.7-5.9) yield solutions in the Laplace domain, which must be translated into the time 
domain. Due to the complex nature of the solutions in the Laplace domain, a numerical method was employed 
from [28-31] which relies on the Riemann-sum approximation (RSA). By applying this numerical technique, 
an arbitrary function in the Laplace domain can be transformed back into the time domain as follows: 
 

  ( ) ( ) ( ), , ,   ,   
Mt

n
z z z

n 1

e 1 inU R t U R Real U R 1 0 R 1
t 2 t

ξ

=

 π = ξ + ξ + − ≤ ≤  
   

 , (6.1) 

 

  ( ) ( ) ( ) ( ) ( ), , ,
,  ,

Mt
nz z z

z
n 1R 1

dU R t dU 1 dU 1e 1 int Real 1 1 R 1
dR t 2 dR dR t

ξ

==

 ξ ξ π τ = = + ξ + − =  
   

 ,

 (6.2) 
 

  ( ) ( ) ( )
Mt

n
z

n 1

e 1 inQ t Q s Real Q 1
t 2 t

ξ

=

 π = + ξ + −  
   

   (6.3) 

 
where Re  is the real part and i 1= −  the imaginary number. M  denotes the total number of terms used in 
the Riemann-sum approximation, and ξ  denotes the real part of the Bromwich contour used for Laplace 
inversion. In this approach, Laplace inversion via the Riemann-sum approximation is carried out using a single 
summation over the whole numerical process. Its accuracy depends on the value of ε  and the truncation error 
dictated by M . According to Tzou [32] and based on numerical inspection in the current analysis, the value 
of ξ  that best satisfied the result is 4.7. This inversion method has been shown to be an effective approach for 
converting any function from the Laplace domain to the time domain [28]. Equations (6.1-6.3) gives the time-
dependent velocity, wall shear stress, and mass flow rate, respectively. 
So that the overall velocity profile is given as: 
 
  ( ) ( ) ( ), , .s zU R t U R U R t= −   (6.4) 
 
Similarly, the overall skin-friction and mass flowrate are given respectively as follow:  
 

  ( ) ( ) ( ), ,z s

R 1 R 1 R 1

dU R t dU R t dU R
dR dR dR= = =

τ = − = − ,  (6.5) 

 

  ( ) ( )  ,
1 1

s z
0 0

Q RU R dR RU R S dR= +  .  (6.6) 

 
7. Validation of result 
 
 To verify the reliability of the proposed model, the steady state (time independent) exact solution, 
obtained in Eq.(4.3) should match with the complicated solution of represented by Eq.(6.4) at large time. As 
presented in Tab.1, an excellent agreement is found for these numerical comparisons at large time. The steady 
solution is independent of time ( )t  and therefore does not change with time from Tab.1. 
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8. Special cases 
 
8.1. Absence of magnetic field ( Ha=0 ) 
 
 In the absence of uniformly applied magnetic field, the governing Eq.(3.4) reduces to: 
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The solution of Eq.(8.1) subject to (8.2) is given as: 
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8.2. Absence of electrokinetic effect ( A=0 ) 
 
 In the absence of the electrokinetic effect, the current physical scenario aligns exactly with the results 
reported by Maurya et al. [24]. This study employs a more efficient mathematical approach for solving partial 
differential equations, offering a promising and simpler alternative to the complex method used in [24]. For 
validation, Tab.2 provides a numerical comparison of the velocity profiles between the two studies with the 
electrokinetic effect omitted, showing excellent agreement. Furthermore, the calculated percentage change 
demonstrates that the presence of the electrokinetic effect significantly enhances flow formation. 
 
8.3. Results and discussion 
 
 This study analyzes the influence of electrokinetic effects on transient flow within a horizontal tube 
under an external transverse magnetic field. Given its relevance to subsurface oil transport, the governing 
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parameters are aligned with those of Maurya et al. [24] to validate the accuracy of the current findings. The 
basic parameter controlling the flow formation are the Hartmann number ( )Ha  which represents the 
magnitude of applied magnetic field, the Debye-Huckel parameter ( )κ  which is inversely proportional to the 
EDL length, the Euler number ( )Eu , the Reynolds number ( )Re  and the dimensionless parameter responsible 
for electrokinetic effect ( )A . The following numerical values are used to justify the physics of the flow, 

.0 5 Ha 5≤ ≤ , . ,0 5 50≤ κ ≤  0 Eu 1≤ ≤ , 0 Re 20≤ ≤ , 0 A 2≤ ≤ .  
 
Table 1. A numerical comparison between the transient velocity profile and the corresponding steady-state 

solution for , . , . , . .Re 10 Ha 2 0 Eu 0 8 A 2 0= = = =  
 

 Transient state Steady state 
R  t  ( ),U R t  ( )U R  
0 0.1 0.057108 1.084479 
 1 0.561012 1.084479 
 5 1.073710 1.084479 
 SS 1.084479 1.084479 

0.2 0.5 0.059284 1.069902 
 1 0.572767 1.069902 
 5 1.059746 1.069902 
 SS 1.069902 1.069902 

0.5 0.5 0.075814 0.969683 
 1 0.605899 0.969683 
 5 0.962468 0.969683 
 SS 0.969683 0.969683 

0.8 0.5 0.125178 0.626379 
 1 0.476568 0.626379 
 5 0.623493 0.626379 
 SS 0.626379 0.626379 

 
Table 2. A numerical comparison of the velocity from the present study with that reported by Maurya et al. 

[24] at various times for , . , .Re 10 Ha 2 0 Eu 0 8= = = , .R 0=  
 

  Present ( ),U R t   
t  Maurya et al. [24] A 0=  A 2= %  change 
0 0.0000214588292 0.000614386737 0.0007490224 21.914 
1 0.6379930032805 0.6379986143141 0.8002610986 25.433 

10 1.1225735580113 1.1225735680210 1.5053630509 34.099 
20 1.1226474361590 1.1226474361602 1.5054716128 34.100 
30 1.1226474403257 1.1226474403257 1.5054716189 34.100 
35 1.1226474403259 1.1226474403259 1.5054716189 34.100 
40 1.1226474403259 1.1226474403259 1.5054716189 34.100 
45 1.1226474403259 1.1226474403259 1.5054716189 34.100 
50 1.1226474403259 1.1226474403259 1.5054716189 34.100 
55 1.1226474403259 1.1226474403259 1.5054716189 34.100 
60 1.1226474403259 1.1226474403259 1.5054716189 34.100 
65 1.1226474403259 1.1226474403259 1.5054716189 34.100 
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9. Sensitivity analysis 
 
 The sensitivity index ( )Sχ  for each parameter χ  was determined by examining the percentage change 

in the selected response variable skin-friction resulting from a small perturbation ( )%10±  in the parameter 
value. The normalized sensitivity index is expressed as [33]: 
 

  i

i

A

A

S
S 100

Sχ = ×


  (9.1) 

 
where χ  are parameters of interest, Δ % 10χ = of χ ,  
 

  ( ) ( )
( ) ( )

Δ Δ
Δ Δ1

0 0
AS

τ χ + χ − τ χ − χ
=

χ + χ − χ − χ
 . (9.2) 

 
It is clear from Tab.3 and Fig.13 that κ  and Ha  have reducing effect on skin-friction, while , , , A Eu t Re  have 
increasing tendency.  
 
9.1. Velocity profile 
 
 Figure 2 illustrates the competing influences of the Hartmann number ( )Ha  and the electrokinetic 
parameter ( )A  on the transient velocity profile. The results indicate that fluid velocity is enhanced by 
increasing but suppressed by increasing .Ha  Physically, a higher value of A  strengthens the dimensionless 
electric potential gradient, which amplifies the longitudinal electrostatic force acting on the species, thereby 
accelerating the flow. Conversely, an increase in Ha  signifies a dominant Lorentz force, which acts in 
opposition to the flow direction, providing a magnetic damping effect that reduces fluid velocity. These 
dynamics are critical for optimizing flow-rate control in subsurface oil recovery. 
 

 
 

Fig.2. Velocity profile for different values of A and Ha for . , . , . , .t 1 0 Re 10 0 Eu 0 8 10 0= = = κ = . 
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 Figure 3 illustrates the synergistic impact of the Euler number ( )Eu  and the electrokinetic parameter 

( )A  on the velocity profile. The results indicate that the fluid velocity is directly proportional to both parameters, 
reflecting a state where two distinct driving mechanisms act in unison. The Euler number represents the ratio of 
pressure forces to inertial forces. Physically, an increase in Eu  corresponds to a higher longitudinal pressure 
gradient across the horizontal tube. This gradient acts as the primary mechanical driver, imparting linear 
momentum to the bulk fluid and overcoming the viscous resistance at the tube walls. Simultaneously, the 
electrokinetic parameter ( )A  enhances the Coulombic body force within the Electric Double Layer (EDL).  
 

 
 

Fig.3. Velocity profile for different values of A and Eu at . , . , . , . .Ha 2 0 Re 10 0 t 1 0 10 0= = = κ =  
 

 
 

Fig.4. Velocity profile for different values of A and t at . , . , . , .Ha 2 0 Re 10 0 Eu 0 5 10 0= = = κ = . 
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When an external electric field is applied, it exerts a force on the net charge density near the wall. Because the 
pressure gradient and the electrokinetic force are aligned in the same direction, they create a constructive 
superposition of forces. In the context of subsurface oil transport, this demonstrates that the flow can be 
significantly accelerated by coupling mechanical pumping (high Eu ) with electrokinetic stimulation (high A). 
This dual-driving mechanism is particularly effective in overcoming the viscous drag and magnetic damping 
inherent in complex geological formations. Figure 4 demonstrates the impact of electrokinetic effect on fluid 
velocity at different time. The velocity is observed to increase with time, irrespective of whether the 
electrokinetic effect is present or absent. It can be concluded from this figure that the role of magnitude of 
electrokinetic effect is to increase fluid velocity.  
 

 
 

Fig.5. Velocity profile for different values of κ  and Re at . , . , . , .Ha 2 0 t 1 0 Eu 0 5 A 2 0= = = = . 
 
 Figure 5 on the other hand displays variation of fluid velocity with Reynolds number and Debye-Huckel 
parameter ( )κ . It is observed from this figure that fluid velocity is directly proportional to Re  while the converse 
is true with κ . This occurs because a higher Reynolds number ( )Re  strengthens the viscous force in the direction 
of the favorable pressure gradient, promoting flow development. A closer examination of the figure also shows 
that the velocity gradient gradually diminishes as Re  increases. Conversely, the maximum fluid velocity is 
observed at low values of κ , which corresponds to a thicker electric double layer (EDL). This is attributed to the 
fact that a larger EDL raises the surface electric potential, thereby enhancing the fluid’s kinematic motion. 
 
Table 3. Sensitivity analysis ( )S χ  of key dimensionless parameters for Skin-friction %10  change. 
 

χ  χ  Δχ + χ  Δχ − χ ( )Δτ χ + χ  ( )Δτ χ − χ  1SA  ( )S χ  ( )%  

A  2 2 1.8 4.7553 4.2321 2.62 39.48 
κ  5 5.5 4.5 4.3366 4.6721 -0.34 -5.06 

Eu  0.5 0.55 0.45 4.6815 4.3059 3.76 56.68 
t  1 1.1 0.9 4.538 4.4372 0.50 7.61 

Ha  2 2.2 1.8 4.4289 4.5545 -0.31 -4.74 
Re  10 11 9 4.8872 4.088 0.40 6.03 
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9.2. Skin-friction 
 
 Figures 6-9 display the transient skin-friction at the inner surface of the horizontal tube for different 
controlling parameters. This analysis is significant as it can help in optimising the occurrence of rusting or 
corrosion.  
 

 
 

Fig.6. Skin-friction at different time for different values A at . , . , .Ha 2 0 Eu 0 8 Re 10 0= = = . 
 

 
 

Fig.7. Skin-friction for different values of A at Ha at . , . , .t 1 0 Eu 0 5 Re 10 0= = = . 
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steady-state is attained regardless of the presence or absence of A  while the reverse is true for large EDL 
( )small values of κ . A close examination of this figure reveals that as κ → ∞ , the skin friction becomes 
independent of the electrokinetic parameter ( )A . Physically, this occurs because an infinitely large Debye-
Hückel parameter corresponds to a vanishingly thin Electric Double Layer (EDL). As the EDL thickness 
approaches zero, the electrokinetic body force is confined to a negligible region near the wall, effectively 
neutralizing its influence on the bulk flow and the resulting shear stress.  
 

 
 

Fig.8. Skin-friction for different values of A at Re at . , . , .t 1 0 Eu 0 5 Ha 2 0= = = . 
 

 
 

Fig.9. Skin-friction for different values of A at Eu at . , . , .t 1 0 Re 10 0 Ha 2 0= = = . 
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 Figure 7 on the other hand displays the role of Ha  and A  on skin-friction for different EDL length. 
It is found that skin-friction decreases with increase in Ha  and κ . In addition, it can be deduced that the 
removal of electrokinetic effect leads to a corresponding reduction in skin-friction at the inner surface of the 
tube in transient state.  
 Figure 8 depicts the skin-friction as a function of the Reynolds number ( )Re  for various values of A, 
and different EDL thicknesses. The graph clearly shows that skin-friction rises with increasing Re . This trend 
can be explained by the fact that a higher Re  results in an increased favourable pressure gradient, which boosts 
fluid velocity and, consequently, elevates the velocity gradient near the tube surface. 
 Figure 9 illustrates the role of Euler number ( )Eu  on transient skin-friction for different values of κ . It 
is established that skin-friction is an increasing function of Eu  Independently of the EDL thickness. A critical 
look at Figures 6-9 clarifies that skin-friction is free from electro kinetic effect for very thin EDL ( )κ → ∞ . 
 
9.3. Mass flowrate 
 
 Another expression of engineering interest is the mass flowrate, which accounts for the amount of fluid 
passing through the horizontal tube at a given time. This analysis is significant as the obtained results can help 
to optimise flowrate of fluid at micro scale level. Figures 10-12 portray the role of various controlling 
parameters on mass flowrate in the horizontal tube at transient state.  
 Figure 10 represents the mass flowrate in the horizontal tube for dissimilar values of A  and different 
EDL thickness at different time. The mass flowrate is seen to increase with time until steady state regardless 
of the EDL size or magnitude of electrokinetic effect. Also, a higher flowrate is achieved in presence of electro 
kinetic effect. This result suggests that the electrokinetic effect should not be neglected in improving oil 
exploration and flow formation. 
 

 
 

Fig.10. Mass flowrate for different values of A and t at . , . , .Eu 0 5 Re 10 0 Ha 2 0= = = . 
 
Similar investigation to Fig.10 is carried out in Figs 11 and 12 where mass flowrate is varied with Hartmann 
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function of Ha . This could be attributed to the presence of Lorenz force which retards fluid velocity and 
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horizontal circular tube regardless of the EDL thickness as shown in Fig.12. Further, in the absence of pressure 
gradient and electrokinetic effect ( ), Eu 0 A 0= = , mass flowrate is seen to be zero, regardless of the EDL size. 
A close inspection of Figs 10-12 reveals that flow behavior becomes independent of the electrokinetic effect 
as κ → ∞ , a result that aligns with the findings of Maurya et al. [24]. Physically, this occurs because an 
infinitely large Debye-Hückel parameter corresponds to a vanishingly thin Electric Double Layer (EDL). As 
the EDL thickness approaches zero, the electrokinetic body force is confined to a negligible region near the 
wall, effectively neutralizing its influence on the bulk flow and making the system purely hydrodynamic. 
 

 
 

Fig.11. Mass flowrate for different values of A and Ha at . , . , .Eu 0 5 Re 10 0 t 1 0= = = . 
 

 
 

Fig.12. Mass flowrate for different values of A and Eu at . , . , .t 1 0 Re 10 0 Ha 2 0= = = . 
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Fig.13. Sensitivity indices for skin-friction at the wall Y 0= . 
  

     
 

Fig.14. Verification of RSA inversion accuracy at different transient state. 
 
To ensure the accuracy of the transient solution, the convergence of the Riemann-Sum inversion was tested by 
monitoring the velocity response at various non-steady-state time intervals is shown in Fig.14. As the number 
of terms in the summation ( )N  increases, the solution asymptotically approaches a constant value, with 

numerical residues dropping below a tolerance of 510−  for N 100≥ . The use of RSA method provides a robust 
inversion that is independent of the sampling frequency, confirming that the calculated transient behavior is a 
true representation of the governing equation rather than a numerical artifact. 
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10. Conclusion 
 
 The present study formulates a semi-analytical framework to analyze transient magnetohydrodynamic 
(MHD) flow with electrokinetic effects in a cylindrical capillary channel. In contrast to earlier investigations 
that treated MHD flow and electroosmotic flow independently, this work considers their combined influence. 
The interaction between the Lorentz force and the electric double layer (EDL) induced electroosmotic force, 
which is therefore incorporated into the unified model. Furthermore, the model establishes a two-parameter 
control strategy based on the Hartmann number and the Debye-Hückel parameter, which provides a practical 
means to regulate velocity distribution, wall shear (skin friction), and volumetric flow rate in microscale 
transport systems. The following conclusions are drawn from the entire simulation:  

1. Fluid velocity, skin-friction and mass flowrate increases with increase in electro kinetic effect. 
2. Skin-friction for thick EDL differs conversely from those of thin EDL at the tube surface. 
3. Skin-friction and mass flowrate are independent of electro-kinetic effect for thin EDL. 
4. Flow formation can be optimized by selecting suitable value for various controlling parameters. 

 
11. Data availability section 
 
 No data was used. Matlab programmed codes may be made available from the corresponding author 
upon reasonable request. 
 
Nomenclature 
 
 A  – dimensionless zeta-potential parameter  
 0c  – concentration of ions in bulk fluid 

 0B  – magnetic field strength 

 Eu  – Euler number 
 zE ′  – electrostatic intensity 

 F  – Faraday’s constant 
 G  – negative applied pressure gradient ( )/p z−∂ ∂ ′  

 g  – acceleration due to gravity 

 Q  – mass flow-rate  

 Ha  – Hartmann number 

 p  – pressure 

 R  – dimensionless radial coordinate 

 Re  – Reynolds number 

 R′  – universal gas constant 
 '1r  – radius of the cylinder 

 r′  – dimensional radial coordinate 

 T  – temperature of the fluid 

 t  – dimensionless time 

 t′  – dimensional time 

 U  – dimensionless velocity 
 0U  – characteristic velocity 

 u′  – dimensional velocity 
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 Z  – valence number of ions in the solution 

 z′  – axial coordinate 

 ε  – fluid permittivity  
 1ζ  – zeta −  potential (electrokinetic potential of the wall in the double layer) 

 κ  – Debye-Huckel parameter 

 Dλ  – Debye length 

 μ  – fluid dynamic viscosity  

 ν  – kinematic viscosity 

 ρ  – fluid density  

 eρ  – charge density 

 σ  – electrical conductivity of the fluid 

 τ  – skin-friction 

 Φ  – externally imposed electrostatic potential 

 φ  – electrostatic potential  

 ψ  – dimensionless EDL potential 

 ′ψ  – dimensional EDL potential 
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