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This research investigates the propagation of elastic waves in fluid-saturated granular media. On the linear P1-

waves, complex rheology is considered, which is impacted by gas bubbles. In Biot’s theory, we used stress-strain 

relations for the wave, which comprise three branches, including fluid continuum, solid continuum and bubbles 

inside the fluid. These stress-strain relations are combined with momentum, continuity and bubble dynamics 

equations to drive the Nikolaevskiy-type equation. In the moving reference system, the equation explains the solid 

matrix’s velocity. Our investigation into the influence of gas bubbles on wave propagation in a fluid-saturated 

granular media revealed that the presence of such bubbles significantly reduces wave velocity. 
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1. Introduction 

 
 In fluid-saturated porous media, the propagation of elastic waves is of great practical and theoretical 

significance to engineering and science. As a two-phase system, the fluid-saturated granular medium is 

presented and comprises fluid and solid phases. Depending on the study conducted by Terzaghi [1, 2],  

a coupled deformation theory of fluid-saturated porous elastic solids was formulated by Biot [3]. Frenkel [4] 

simultaneously established his theory of physical processes in saturated soil.  

 The stress wave propagation theory’s principles consisting of compressible viscous fluid are 

determined, such as in the studies of Biot [5, 6]. In isotropic porous media, Biot [7, 8] used the Lagrangian 

approach and Hamilton’s principle to analyze a comprehensive system of dynamic equations governs wave 

propagation. According to Biot's theory, this includes two types of longitudinal (primary) waves, referred to 

as P-waves, and one type of transverse (secondary) wave, known as the S-wave. The P-waves are classified 

into two categories. While the first type has slower decay (P1-wave) and higher velocity, the latter has faster 

decay (P2-wave) and lower velocity. Using a synthetic rock, Plona [9] conducted the first experimental 

observation. In natural rocks (sandstone), this wave has been later detected, both water-saturated and air-

saturated [10], at ultrasonic frequencies [11]. We refer the reader to the study [12] for further information about 

the proposed experimental techniques utilized in the P2-waves investigation. In generalized and complex 

media, such as bodies with voids, micropolar and nonlocal continua, materials subjected to magnetic, thermal, 

electrical, and moisture effects, as well as different boundary conditions and coupling theories, wave 

propagation and thermoelastic phenomena have been thoroughly investigated [13-18]. 

 In recent decades, interest in partially saturated porous media has grown, as the presence of gas bubbles 

within the porous fluid significantly alters the wave propagation properties. The studies [19, 20] firstly 

analyzed the nonlinear wave propagation in liquid-gas bubble mixtures explaining weakly nonlinear waves. 

Numerous studies have demonstrated that even small amounts of gas bubbles can cause a significant decrease 

in wave velocity, along with a substantial increase in attenuation, due to bubble compression and associated 
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resonant effects [19-28]. Specifically, the impact of gas bubbles on the longitudinal waves using the simplest 

stress-strain relation has been studied by Dunin et al. [22].  

 To explain these phenomena, various porous rheological and elastic models have been developed. 

While classical Biot models successfully describe fully saturated media, they often fail to represent the 

complex internal oscillation mechanisms and dissipation processes associated with gas content. In this context, 

more advanced viscoelastic models, such as the Nikolaevsky model [29] based on internal oscillators, have 

been proposed to capture these effects. In its original physical form, Nikolaevsky equation explained how the 

complex stress-strain relations of the grains affected the displacement velocity of the solid framework in the 

absence of gas bubbles. However, most existing models still rely on simplified two-branch rheological schemes 

or only partially address the effect of gas bubbles. The equation is formulated as follows: 
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where solid matrix velocity is defined by v , p 1A +  denotes the coefficients linked to the system’s mechanical 

parameters,   refers to a small parameter that reflects the slow evolution of the wave. The impact of dispersion, 

dissipation of energy, and nonlinearity can be accounted for by the terms in Eq.(1.1). Aiming to include 

Nikolaevskiy bubbles, Strunin [30] identified the location in the rheological scheme, where bubble-linked 

element must occupy (Fig.1).  

 In [31], gas bubbles were incorporated into a two-branch rheological scheme based on the 

Nikolaevskiy model presented in [32]. Subsequently, the type Eq.(1.1) was derived and analyzed. The aim of 

the current study is to extend this approach by considering two objectives. First, the Nikolaevsky viscoelastic 

model [29] is modified to include gas bubbles within a three-branch rheological scheme. Second, we analyze 

and derive the type (1.1) equation, in which the coefficients  pA  may be influenced by parameters associated 

with the bubbles. Consequently, complicated constitutive law will be given by this scheme. Therefore, the 

main interest of the current work is to investigate the law’s impact on the decay of waves. 

 

 
 

Fig.1. Rheological scheme with the branch 𝜛corresponding to a bubble [30]. 

 

 The rest of this article is organized as follows. Section 2 presents the mathematical model, including 

the equation of dynamics, dynamics of bubbles, density relations, and proposed rheological model. In Section 

3, a Nikolaevskiy-type equation is derived. Section 4 explores results and discussion, incorporating the 

influence of gas bubble on wave velocity, sensitivity analysis, comparison with existing models, as well as 

computational aspects and practical relevance. Finally, Section 5 concludes this work. 
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2. Mathematical model overview 

 
2.1. The equations of dynamics 

 

 A one-dimensional model is considered to describe wave propagation in a fluid-saturated porous 

medium containing gas bubble. Following the classical formulation for porous continua, the governing 

equations consist of momentum balance and mass conservation for both the solid matrix and the pore fluid. 

According to Nikolaevskiy [33], these equations can be written as 
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 Where the subscript sf  labels the solid and (gas-liquid mixture) respectively, the corresponding 

densities and mass velocities are denoted by  , v , and u . The pore pressure is defined by p , ( )ef
  refers to 

the effective Terzaghi stress, and the porosity is denoted by  . The interfacial viscous force is defined by I , 

which is approximated as follows: 
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where the intrinsic permeability is denoted by k  and 
( )f

  refers to the gas-liquid mixture viscosity. 

 

2.2. Bubble dynamics 

 

 The dynamics of gas bubbles embedded in the pore fluid are described using a modified Rayleigh–

Plesset-type equation, following the formulation proposed in [22, 23]. The evolution of the bubble radius is 

governed by: 
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where p  refers to the pressure in the liquid, and the instantaneous bubble’s radius is defined by R . Inside the 

bubble, the gas pressure is defined as ( / )g 0 0p p R R = , where 3 =  ,   refers to the adiabatic exponent. 

The gas pressure inside the bubble is assumed to obey a polytropic law,  is the liquid viscosity and 
( )L
  is 

the density liquid without the bubbles.  
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2.3. Density relations 
 

 For the solid and the pore liquid in the absence of gas, the density variations are assumed to follow 

linear compressibility relations: 
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 These relations follow directly from linear elasticity theory and standard compressibility assumptions, 

as discussed in [23, 33]. Now, we write the mean density of the gas-liquid mixture as: 
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where:  ( )/  .3
0V 4 3 R n=   

 

0n  refers to the number density of the bubbles per unit volume (V ), and   refers to the true stress. Because 

of the low gas content, the density of the gas 
( )g
  can be neglected. Because of the change in the bubble radius 

R , the volume (V ) is changed. 

 

 Accordingly, Eq.(2.5) can be written as follows: 
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The pore pressure p  assumed to be equal to the pressure in the liquid far from the bubble (similarly to [23]). 

 

2.4. Proposed rheological model 

 

 In this section, we derive the stress–strain relationship for a viscoelastic medium using the Maxwell-

Voigt rheological model, which accounts for the presence of gas bubbles. The model is composed of the 

following elements: 

 A. 2 friction elements with viscosities 1  and 2 . 

 B. 3 oscillating masses 1M , 2M  and 3M . 

 C. 4 elastic springs with the elastic moduli 1E ,   2E , 3E  and 4E . 

 Hence,   denotes the toral stress, and e  refers to the displacements of the model elements with 

respective subscripts (Fig.2). By applying Newton’s second law to each oscillating element and combining the 

corresponding kinematic relations, a system of coupled differential equations is obtained as follows: 
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 If we compare this system with our previous study [31], we find that this system is more complex. 

Below is the used approach to determine the constitutive law. Differentiating this system (2.7) up to the 6th 

order with respect to time allows it to be written in compact matrix form as 
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 The matrix A  collects the coefficients associated with elastic moduli, viscosities, and oscillator 

masses, while the vector X  contains the time derivatives of the internal displacements. The explicit structure 

of A  follows directly from the rheological scheme shown in Fig.2 and is obtained by systematic differentiation 

and elimination of internal variables. Solving the matrix system yields the internal displacements in terms of 

the total strain. Substituting these results back into the stress balance equation leads to the constitutive relation. 

To obtain the value of e from System (2.8), we use the Maxima computer algebra system. 
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 The detailed algebraic steps leading to Eq.(2.9) have been omitted for brevity but follow standard 

elimination procedures for linear systems with constant coefficients [34]. Eq.(2.9) leads to the stress-strain 

equation: 
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 Although the coefficients appearing in Eq.(2.10) have a complex algebraic structure, they represent 

physically meaningful combinations of elastic moduli, viscosities, and oscillator masses. To improve 

readability, these coefficients are grouped according to their physical origin, and their dependence on bubble-

related parameters is explicitly discussed. Generalizing Eq.(2.10) using a similar approach to [34], we get: 
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where effective stress is denoted by ( )ef
 , and bk  refers to the bulk elastic module of the porous matrix. 

Accordingly, qa  and qb  can be written as follows: 
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Fig.2. Three–branch rheological scheme including a gas bubble. 

 

 We add the relation between the velocity v  and the matrix deformation e  to complete the above set 

of equations: 
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3. P1-wave propagation in saturated media with gas bubbles 

 
 This study examines the propagation of P1-waves within a porous medium that is entirely saturated 

with a compressible liquid or gas, including the presence of gas bubbles. Under this assumption, the mass 

velocities u  and v  are considered to be aligned, indicating that they share the same direction of motion:  
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where   refers to the small parameter. The order of the Darcy force is as follows: 
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 The running coordinate system with simultaneous scale change is used to show a weakly nonlinear 

wave (by following the Nikolaevskiy approach in [34]): 
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 Therefore, the following results can be obtained using the system (2.8), the constitutive law (2.11), 

and Eqs.(2.12) and (3.3). 
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( )

( ) ( ) .

f
f1

u c 0
2

−  
 +  − =

 
 (3.4) 

 

  

( ) ( ) ( )

( ) ( )

‍‍

  ‍‍ ,

q4
ef efq

q

q 1

q6
s q

2 b q

q 1

1
b v c

2

1
E e k p a v c e

2

 −

=

 −

=

  
 +   + −  

  

  
= + +   + − 

  

=



 (3.5) 
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   ( )  .
1 e e v

v c
2

−   
 + − =

  
 (3.6) 

 

 In the following analysis, the study is confined to first- and second-order approximations in a weakly 

nonlinear framework, since the inclusion of higher-order boundary effects would considerably increase the 

complexity of the analytical formulation. In addition, these approximations are sufficient to describe the key 

physical processes influencing wave velocities and attenuation mechanisms.  

 

3.1. First-order approximation 

 

 The unknown variables are expanded as power series to facilitate the approximation 

 

  

( ) ( ) ( )
..., ..., ...,

..., ..., ...,

..., ( ...).

ef ef ef2 2 ef 2
1 2 1 2 0 1 2

2 2 2
0 1 2 0 1 2 0 1 2

2 2
0 1 2 0 1 2

v v v u u u

p p p p e e e e

V V V V R R 1 R R

=  +  + =  +  +  =  +  +  

= +  +   =  +  +   = +  + 

= +  +  = +  + 

 (3.7) 

 

 Here, we assume that , 1 1 =+  =  and using formula (3.7), we collect the linear terms   in the 

system (3.4): 

 

   

( ) ( )
( )

( ) ( )

( ) ( )
( )

( ) ( )

( )
( ) ( )

, ,

,

.

ef
s f1 1 1 1 1

0 0 0 00 0

s
s s1 1 1

0 00 0

f
f f1 1 1

0 00 0

v p u p
1 c 1 0 c 0

v
c 1 c 1 0

u
c c 0

   
−   + − −  =   −  =

    

 
 − −  + −   =

  

  
−  − +   =

  

 (3.8) 

 

 The system (3.8) gives the integrals: 

 

   

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )

  ,   ,

, .

s ef f
0 1 0 1 0 1 0 10 1 0

s s s f f f
0 1 0 1 0 1 1 00 1 0 0 0 1

1 cv 1 p 0 cu p 0

1 v 1 c 0 u c 0

−   +  − −  =   −  =

−   − −   −  =   −   +   =

 (3.9) 

 

 According to Eqs (2.3) and (2.6), the terms   in the density series are: 
 

   
( ) ( ) ( )

( ) ( )

( )
( ) ( ) ( )( )  , .

efs
s s f Ls L 31

1 1 1 0 2 0 11 0 1 0
0

p p 4 n R R
1

  
  =   −  =   − 
 − 
 

  (3.10) 
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and also: 
( ) ( )

 ,
f L

1 20 0 =   (3.11) 

 

where:  ( )
,    .

L3
1 0 0 2

4
1 R n 1 p

3


= − = +  

 

 Using Eq.(3.11) and because of the conditions 1 1v u= , ( ) ( ) ( )
   

s L
0 0 00 01 = −   +   , the first two of the 

momentum Eqs (3.9) yield the following: 

 

   
( )

     ,
ef

0 1 1 11cv p = − +   (3.12) 

 

where:  ( )  .0
1 0

1 2

1


 = −  +


 

 

 Here, the linear terms   in relations (3.6) and (3.5) give: 

 

    ,1 1v e
c 0

 
+ =

 
  

   (3.13) 

   
( ) ( )

     .
ef s

2 1 b 11 E e k p 0 − − =   

 

 The linear terms   in the bubble Eq.(2.2) give: 

 

   
( )

( )     .0 1 1L
20

1
p R p 0−  + =

 
 (3.14) 

 

 Eqs (3.13)-(3.14) give: 

 

   ( )
,       ,          .

sef1
1 2 1 b 1 1 0 11

v
e E e k p p p R

c
= −  = + = −   (3.15) 

 

 In Eq.(3.15), we can rewrite the effective stress 
( )ef

1  as follows: 

 

   
( ) ( )

     .
ef s2 1

0 b 11

E v
p k R

c

 
 = − +  

 
 (3.16) 

 

 Here, from Eq.(3.13) and using 1p  from Eq.(3.15), the effective stress can be obtained as: 

 

   
( ) ( )   .
ef

0 1 1 0 11 cv p R = −  +    (3.17) 

 

 The combination of Eqs (3.16)-(3.17) gives: 

 

  ( ) ( )( )   .
s2

2 0 1 1 b 0 1E c v k p R c 0− −  −   =  (3.18) 
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 Inserting Eqs (3.10)-(3.11) into mass equations (the last two equations in (3.9)) give: 

 

   ( ) ( ) ( ) ( ) ( )
 ,

efs s
0 1 0 1 111 v 1 p c −  = −   −  − 

  
  

   (3.19) 

   
( )

   
 .

L 3
0 1 0 0 0 1

0 1 1
2 1

p 4 n R R
u c

    
 =  + − 

  


  

 

 The combination of Eq.(3.19) results in: 

 

   ( )
( ) ( ) ( )( ) ( ) ( )    

s L
30 0 1 efs 0 0 0 1

0 1 0 1 1
2 1

1 p p 4 n R R
1 v u c

  + −     
−  +  = −  −

 
  


. (3.20) 

 

 Condition (3.1) means 1 1v u= , therefore Eq.(3.20) becomes: 

 

   
( ) ( ) ( )( ) ( ) ( )    

 .

s L
30 0 1 efs 0 0 0 1

1 1
2 1

1 p p 4 n R R
v c

  + −     
= −  −
 
  


 (3.21) 

 

 Substituting Eq.(3.15) and 1p  from Eq.(3.14) into Eq.(3.21), we get: 

 

   
( )( ) ( ) ( )( )  ,
s s s

2 1 2 b 0 11 E v k p R c 0− +  −    =  (3.22) 

 

where:  
( ) ( ) ( )( )

 .

s L
30 0

0 0 0
2

2 1 0

1 p 4 n R

p

+ −     
 = +


  

 

 Eqs (3.17) and (3.22) must coincide, therefore: 

 

   
( ) ( )( )

( )( ) ( )

 

 .

s2
2 0 1 b 0

s s s
2 2 b 0

E c k p

0

1 E k p

− −  −  

=

−  −   

 (3.23) 

 

 Eq. (3.23) gives the velocity of the wave: 

 

   

( )( )
 ,

s
2 2

2

0

1 E A E
c

− +
=


 (3.24) 

 

where:  

( )( )
( ) ( )

 .

s
1 b

s s
2 b

k
A

k

 − 
=
 −  
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 Thus, all the variables can express through the velocity 1v :  

 

   

( ) ( )( )

( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

 , , ,  ,

,

 
 , .

ef s1 1 1 1
1 2 b 1 11

0

s s s 1
1 0 b 2 0

3
f L s sL s s0 2 0 1 1

1 b 21 0 1 0
0

v v v vA
e E k A p A R

c c c p c

v
1 k A E 1

c

4 n R v v
A A 1 k E

p c c

= −  = − −  = = −


  = −  −   + − − 
  

    =   +  =   −  +       




 (3.25) 

 

 Also, when 
( )s

bk 1   and 
( )s

2E 1  , the case of full-saturated soils (soft rocks) is considered. 

Accordinglly, Eqs (3.24)-(3.25) would be:  

 

   
( )/

 ,
1 2 22

0

E
c

  +
=


 (3.26) 

 

   

( ) ( )

( )
( )

( )
( )

( )

( ) ( ) ( )

, , / , ,

 
 , ,

.

ef1 1 1 1
1 2 1 2 11

0 2

Ls 3
f L0 0 2 01 1

1 0 11
2 2 0

s s s 1
21 0

2

v v v v1
e E p 1 R

c c c p c

4 n Rv v
1 1

c p c

v1
E

c

= −  = − =  = −


    
  = −  +  =  +       

 
 =   + 

 


  (3.27) 

 

3.2. Second-order approximation 

 

 At the second order of smallness with respect to ε, combining the momentum Eq.(3.4) for the liquid 

and solid phases yields: 

 

   

( )

    Σ ,

ef

2 2 2
0

v p
c

 
 + − =

  
 (3.28) 

 

where:  Σ  .1
0

v1

2


= 


 

 

 The linear terms of Σ  are only considered. Here, collecting the quadratic terms 2   in Eq.(3.5) gives: 

 

   
( ) ( )

     ,
ef s

2 2 b 22 E e k p T − − =  (3.29) 
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where:   ( )
( )

‍‍ ‍( ) ‍ ‍‍ ‍ ‍.

efq6 4q
qq q 1 q 11 1

q qq q
q 1 q 1

e
T a c b c− −

= =

  
 −  − − 





 




   

 

 Here, higher-order terms in   are retained to account for small corrections to the leading-order 

behavior, as was done by Nikolaevskiy in [34]. These corrections ultimately manifest as perturbative 

modifications to the derived Nikolaevskiy equation later in this study, and they constitute the primary focus of 

the present research. Therefore: 

 

   

( )
( )

   .

ef
s2 2 2

2 b

e p T
E k

   
− − =

   
 (3.30) 

 

 From Eq.(3.6) in the order 2   we get: 

 

   ( ) , .1 1 1
2 2

v v v1 1
ce v F F

c 2

   
+ = = − + 

   
 (3.31) 

 

 Therefore: 

 

    .2 2e vF 1

c c

 
= −

 
 (3.32) 

 

 Substituting Eq.(3.32) into Eq.(3.30), we find: 

 

   
( ) ( )( )     .
ef s

2 2 b 2 22

T
c E v c k p E F c

 
 + −  = +

 
 (3.33) 

 

 Eqs (3.33) and (3.28) provide: 

 

   ( ) ( )( )      Σ  .
s2

2 0 2 b 2 2

T
E c v 1 k c p E F c c

  − + − = − +
   

 (3.34) 

 

 From the bubble Eq.(2.2), in the order 2  : 

 

   
( ) ( )

( ) ( ) ( ) 
       .

L L2
02 20 0 01

1 1 1 1 0 2 2L L
2 22 20 0

p 1R pRc 1
4 p R p R p R p

k 2

     +  − 
+ = + + −  −          


 (3.35) 

 

 Equation (3.35) can be rewritten: 

 

   Γ    ,2 0 2p p R= −   (3.36) 

 

where:  
( )

( )
( ) 

Γ        .

L2
0 20 0 1 1

0 1 1 1
2

p 1R R p
c 4 p R p R

k 2

    +  
=  + +  + +     
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 Here, the substitution of 2p  from Eq.(3.36) in Eq.(3.34) gives: 

 

   ( ) ( )( ) ( )( ) Γ
          Σ    .

s s2
2 0 2 b 0 2 2 b

T
E c v 1 k p R c E F c c c 1 k

   − − −  = − + − −
    

 (3.37) 

 

 For the sold and liquid-gas mixture, at second order, the combination of the linear terms from the mass 

balance equations Eq.(3.4) yields: 

 

   

( ) ( ) ( )( ) ( ) ( ) ( )

( )

   

         
Λ ,

s L 3 2
0 0 2 0 0 0 2 1efs

2 2
2 1

L3 2
0 0 0 0 1

1 2

1 p p 4 n R R R
v

4 n R p R
c

   + −     +  
− −  − +   

 
+ =

  





 (3.38) 

 

where:  ( ) ( ) ( ) ( )( ) ( )( )( )Λ      .
efs s L 3

1 0 1 1 1 2 0 1 0 2 0 11

1
1 p p 4 n R R

2

  =  − −   +  −  +   − 
  

  

 

 From Eq.(3.33) we have  

 

   

( )
( ) ( )

   Γ        .

ef
s s2 2

b b 0 2 2 2

E 1
T k k p R v E F

c c

   
= +  −   − + 

   
 (3.39) 

 

 If we insert Eq.(3.39) and 2p  in Eq.(3.36) into Eq.(3.38), we get: 

 

   

( )( )

( ) ( )

 
 

Γ
Λ ,

3
s 0 0 0

2 2 1 0 2
1

2
s s 1

2 1 2

4 n R
1 E v Z p R c

RT
E F c cZ cZ

  
−  −  − =       

 
= − −  − +

  


 (3.40) 

 

where:  ( ) ( )
( ) ( ) ( )( ) ( )

           
 ,  .

s L
L3 30 0s s 0 0 0 0 0 0 0

1 b 2
2 1 2 1

1 p 4 n R p 4 n R
Z k Z

+ −      
=   + = −


 

 

 The determinant of the left-hand side of the system formed by Eq.(3.37) and Eq.(3.40) matches that of 

Eq.(3.23), which is equal to zero. A non-trivial solution for 2v  exists if the following compatibility condition 

is satisfied: 
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( )
( )( )

( )( ) ( ) ( )

Γ
Σ  

 

Γ
Λ

s
2 b2

2 0

2
s s s 1

2 2 1 2

T
E F c c 1 k c

E c

0

RT
1 E E F c cZ cZ

   
− + − − 

−    

=

   
−  − −  − + 

     

.  (3.41) 

 This is the evolution equation with respect to 1v v : 

 

  
( )( )Γ

Λ Σ  ,
2

s1
1 2 3 2 3 2 2 2

RT
cN cN cN Z N c 1 E E FN 0

 
− + + + −  − =

  
 (3.42) 

 

where:  
( )( ) ( )( ) ( )( ) ( )   ,     ,  .
s s s 2 2

1 b 2 1 3 2 0 3 2 0N 1 k 1 E Z N N 1 c N E c= − −  − = −  = −   

 

 Now, we re-write Eq.(3.42) in terms of v and re-group: 

 

   

( ) ( )

( )( )( )

( )( ) ( )( )

 

 

ˆ
3

s 0 0
1 3 1 2 1 2 2

0

22 2
s2 0 01

2 1 1 2 b 2
0

3 4
s s3 2 4

2 2 2 b 2 2 3 3 2 b3 4

3 5
2 4

4 n R1 v
Y N 1 E Y A

2 p

RN A c v
N c a b E k A 4

p k

v v
N c b E k A a N c a b E k A

N c b E

    
 + −  −  − + +         

   
− − −  + + +       

    − −  − −  − −  +
       

−



( )( )      ,
5 6 7

s 4 6 5 7
2 b 4 2 5 2 6 N5 6 7

v v v vv
k A a N a c N a c G 0

    −  − −  +  − =
     

 (3.43) 

 

where:  

( ) ( )( ) ( ) ( ) ( ) ( )( )( )

( ) ( )( ) ( ) ( )( )

  , ,

 .

ˆ s s s s2
1 0 b 2 0 1 2 2 0 2

L s s s
2 0 1 b

1 k A E 1 Y E N c 1 E

Y 1 k

 = −  −   + − −  = +  − 

=   − + −

 

 

 The nonlinearity coefficient is denoted by NG , which is not present here since the further analysis of 

this study focuses on the linear part of Eq.(3.43). 

 We can write the short evolution equation Eq.(3.43) as follows: 

 

   ‍‍ ,
7 q

q 2
1 N q q

q 2

v vv v
G G G−

=

  
− = 

  
  (3.44) 

 

where:  ( ) ( )  
 ,

3
s 0 0

1 1 3 1 2 1 2 2
0

4 n R1
G Y N 1 E Y A

2 p

   
 = + −  −  − +        

  
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( )( )( )  ,

22
s2 0 01

2 2 1 1 2 b
0

RN A c
G N c a b E k A 4

p k

  
= − −  + +      

  

 

  
( )( ) ( )( )( ), ,
s s3 4

3 2 2 2 b 2 4 2 3 3 2 bG N c b E k A a G N c a b E k A = −  − = − − 
  

  

 

  
( )( )  ,       .,    
s5 6 7

5 2 4 2 b 4 6 2 5 7 2 6G N c b E k A a G N a c G N a c = −  − = = −
  

 

 

4. Results and discussion 

 
 The derived evolution equation is solved numerically to investigate the influence of gas bubbles on 

P1-wave propagation in porous media. The numerical simulations are performed using representative material 

parameters corresponding to water-saturated sandy sediments. The numerical values of the elastic moduli, 

viscosities, densities, and rheological parameters used in the simulations are summarized in Tab.1. These 

parameters are chosen based on typical values reported in the literature for fluid-saturated porous materials 

and bubbly liquids [23, 24, 35, 36]. 

 According to the data of studies [30, 32, 37, 38], the parameter values for the rheological model 

presented in Fig.2 are: 

 The equilibrium bubble radius is taken as 
( )4

0R 5 10 −=  : 

 

  
( ) ( ) ( ) ( ) ( )/ , . / , /L 2 2 s 2 g 2 6

1 s 2 s 3 sM L 10 kg m M L 0 02kg m M L 2 10 kg m− −=  = =  = =  =  . 

 

 The corresponding elastic moduli are: 

 

  

( )

( )

/ , ,

, / .

g 5 7
1 2 0

7 L 8
3 0 4

2E 1 4 10 Pa E c 2 10 Pa

E 3 p 4 10 Pa E 1 5 10 Pa

= =   = = 

=  =  =  = 

  

 

 These values are calculated using a representative wave velocity of ~ /c 100m min , and  

a characteristic oscillator length .sL 0 3cm= , as reported in [30, 39]. 

 

4.1. Influence of gas bubbles on wave velocity 

 

 To evaluate the influence of bubbles on wave propagation, we apply Eq.(3.24) to estimate wave speed. 

When bubbles are present, the wave velocity is approximately  /484 m s . In the absence of bubbles ( 0n 0= , 

0R 0=  and 3M 0= ), the velocity increases to around  /656 m s . This strong sensitivity arises from the high 

compressibility of the gas phase, which significantly alters the effective bulk modulus of the pore fluid. 

 This demonstrates that bubbles can significantly reduce wave speed, consistent with previous findings 

[25]. In the absence of gas bubbles, the predicted wave velocity is consistent with classical Biot-type results 

for fully saturated porous media. However, even a small concentration of gas bubbles leads to a pronounced 

reduction in wave velocity. 

 Further, applying Eq.(3.26) in the context of soft rock media yields a wave velocity of about  /580 m s  

with bubbles, compared to approximately  /776 m s  without bubbles again assuming ( 0R 0= , 0n 0= , and 

3M 0= ). 
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Table 1. Setting of problem parameters. 

 

Parameter Unit Symbol Value 

Prosily −  0  .0 38   

Viscosity of gas Pa s   2  52 10−  

Table 1 cont. Setting of problem parameters. 

 

Parameter Unit Symbol Value 

Viscosity of water Pa s  1  310−  

Permeability m  k  . 111 8 10−  

Bulk modulus Pa  bk  . 91 7 10  

Steady pressure Pa  0p  710  

Density of solid / 3kg m  
( )s

0  2500   

Density of gas / 3kg m  
( )g

0  2   

Density of water / 3kg m  
( )L

0  1000   

Compressibility of solid 1Pa−  
( )s
  102 10−  

Compressibility of water 1Pa−  
( )L
  92 10−  

Compressibility of gas  1Pa−  
( )g
  . 62 4 10−  

Adiabatic exponent −    .1 4   

Volume gas content −  0V   ( )310 −  

 

4.2. Sensitivity analysis  

 

 Sensitivity analysis was carried out to assess the impact of key parameters on wave propagation 

characteristics. The analysis focused on the influence of bubble radius, bubble concentrations, and viscoelastic 

coefficients. The results show that an increase in equilibrium bubble radius causes a further decrease in wave 

velocity and an increase in attenuation due to enhanced bubble oscillations. Additionally, an increase in bubble 

concentrations causes an increase in dissipation effects, resulting in a decrease in phase velocity. However, an 

increase in viscoelastic stiffness parameters causes a partial compensation for bubble-induced softness effects, 

resulting in a moderate improvement in wave velocity. The results show that bubble-related parameters 

dominate wave behavior. 

 

4.3. Comparison with existing models  

 

 In order to assess the performance of the developed three-branch viscoelastic model, a qualitative 

comparison is made with Biot’s classical theory of poroelasticity and previously developed two-branch 

viscoelastic models. In Biot-type theories, the pore fluid is treated as a compressible constituent, without 

considering the dynamic effects related to the presence of gas bubbles. This leads to overestimation of wave 

velocities in partially saturated porous media, where bubble-induced oscillations play a crucial role. 

 In the context of Biot-type theories, the introduction of additional dissipation mechanisms, as 

described by the two-branch viscoelastic model, is more beneficial than the classical theory, as the former is 

capable of simulating certain attenuation mechanisms. However, these models lack the necessary flexibility to 

account for bubble-induced oscillations and their interaction with the solid skeleton, thus being less suitable 
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for simulating wave propagation phenomena in partially saturated porous media. In the developed three-branch 

viscoelastic model, bubble-induced oscillations are incorporated as a separate constituent, thus providing  

a more detailed description of the related physical phenomena, with a more realistic reduction in wave velocity, 

as observed in porous media containing gas bubbles. 

 

 

 

4.4. Computational aspects and practical relevance 

 

 From a computational point of view, the model under consideration results in a linear differential 

equation with constant coefficients, which can be solved using various numerical schemes. The extension of 

the model to include additional branches does not lead to numerical instability. Moreover, the linearization of 

the model eliminates the need for equation simplification and the use of iterative schemes. The model under 

consideration provides a theory for the interpretation of seismic and acoustic data in partially saturated media, 

such as reservoirs, marine sediments, and artificial porous materials, which can lead to applications in the 

fields of subsurface gas exploration and the study of the acoustic properties of porous composite materials. 

 

5. Conclusions  

 
 A novel three-branch viscoelastic model has been proposed to simulate wave propagation in porous 

media with gas bubbles. The influence of gas bubbles has been specifically taken into account in the 

constitutive relations. The results show the strong influence of gas bubbles on the P1 wave velocities. 

Sensitivity analysis shows the dominance of the influence of gas bubbles compared to the influence of the 

viscoelastic properties of the solid matrix. The problem has been solved for one-dimensional wave propagation 

with weakly nonlinear conditions. The weakly nonlinear conditions are taken to preserve the analytical 

solution. The problem can be solved for multi-dimensional conditions with strong nonlinear conditions in the 

future. The theoretical predictions can be verified by experiments. 

 

Nomenclature 
 

 k  – permeability 
2m 

 
  

 bk  – bulk modulus  Pa   

 p  – pressure  Pa   

 R  – bubble radius [ ]m   

 0V  – volume gas content 

 
( )g  – compressibility for gas 

1Pa− 
 

 

 
( )L  – compressibility for water 

1Pa− 
 

 

 
( )s  – compressibility for solid 

1Pa− 
 

  

   – viscosity  Pa s   

   – adiabatic exponent 

 
( )g  – density for gas / 3kg m 

 
  

 
( )s  – density for solid / 3kg m 

 
  

 ( )ef  – effective stress  Pa   

 0  – porosity 
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