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Understanding the heat transfer behaviour of electrically conducting gases in magneto hydrodynamic (MHD)
systems is crucial for optimizing applications in energy systems, plasma control, and advanced cooling technologies
with practical uses in reactor cooling, aerodynamic boundary layer control, spacecraft etc. So, this study
investigates the transient two-fluid heat transmission flow of electrically conducting gases driven by a uniform
pressure gradient between parallel, permeable plates, aiming to extend existing MHD models by incorporating the
combined effects of unsteadiness, Hall currents and wall porosity. The governing partial differential equations are
solved using a regular perturbation technique to obtain analytical expressions for velocity and temperature
distributions. The results reveal that increasing the Hartmann number and Hall parameter significantly enhances
the heat transfer coefficient, with the effect being more pronounced when the channel walls allow electric current
conduction. Furthermore, higher wall porosity and favorable ratios of electrical conductivity to fluid viscosity lead
to notable alterations in both flow resistance and heat transfer rates. These findings emphasize that the combined
effects of magnetic field intensity, Hall currents, and wall porosity characteristics play a pivotal role in controlling
unsteady MHD flow and thermal transport in conducting channels.

Key words: Hall effect, MHD heat flow, plasma, two-fluid flow, porous plates (conducting), regular perturbation
method.

1. Introduction

Magnetohydrodynamics (MHD) has remarkable significance on fluid flow through straight
pipes/parallel plate’s geometry. Numerous scientists (Hartmann [1], Siegal [2], Nigam and Singh [3], Alpher
[4], Shercliff [5], Singh and Cowling [6], Alireza and Sahai [7], Morley et al. [8], Selimli and Resebli [9],
Jovanovic et al. [10], Hsiao Kai-Long [11], Nikodijevic et al. [12], Das et al. [13], Sadab and Kundu [14-15])
have done applaud able theoretical and scientific works on the flow induced as a result of the magnetic field
in view of its considerable importance in several engineering and industrial disciplines under different
assumptions. Owing to their practical importance in engineering and industry, magnetohydrodynamic two-
fluid flows through channels, pipes, and tubes have become a topic of considerable research attention. In recent
years, an investigation into heat transfer processes within two-phase flow systems under an external magnetic
field has garnered significant attention due to its impact on the thermal performance of the numerous
engineering and industrial systems. Examples include, electronic cooling, solar receiving systems, energy
storage systems. These flows are also significant in the petrochemical industry, particularly in oil production
and transportation, and in environmental geothermal systems.

The Hall effect, which occurs when an intense magnetic field interacts under low plasma density
conditions, alters ionized gas flow patterns. This effect is relevant in astrophysics like solar flares and
magnetospheres, geophysics, acrodynamic heating, plasma control generators, radio wave propagation, MHD
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power generators, MHD accelerators, and fusion reactors and Hall accelerators. Also, Hall Effect has
applications in spacecraft propulsion, Hall Effect thrusters; create thrust by ionizing and accelerating gas.
Though earlier studies overlooked the Hall current's influence, it is then recognized as essential in MHD
applications. Many researchers have contributed to understanding Hall currents in MHD flows. The early
works of Sherman and Sutton [16], Sato [17], Roming [18] laid the foundation. Subsequently, researchers like
Jana and Datta [19], Mabdal and Mandal [20], Sharma and Neela Rani [21], Temburu and RamanaRao [22],
Attia [23], Takhar et al. [24], Ghosh et al. [25], Hazem Ali Attia [26], Jha and Apere [27], Pal et al. [28], Sadia
Siddia et al. [29], Makinde et al. [30], Rashidi and Momoniat [31], Gorla and Gupta [32], Das and Deka [33],
Alam [34], Matao et al. [35], Hossain and Alim [36], Temburu and Satish [37], Ramesh and Ojjela [38]
analyzed Hall current effects in MHD flows with different configurations.

The impact of Hall currents on porous boundary flows has been extensively investigated due to its
significance in advancing technologies such as nuclear reactors, energy conversion systems, catalytic
converters, power generation, heat exchangers, electronic cooling systems, radiators, energy storage systems,
plasma studies, and aerospace applications. Notable contributions in this area include the works of Shrestha
[39], Ockendon and Ockendon [40], Debnath et al. [41], Attia and Sayed-Ahmed [42], Attia [43], Ganesh and
Krishnambal [44], Ahmed and Goswami [45], Manyonge et al. [46], Das et al. [47], Jaber [48], Singh et al.
[49], Akinshilo Akinbowale [50] and Veera Krishna et al. [51], Nayak et al. [52], Vangala and Temburu [53].

Magnetohydrodynamic (MHD) two-phase flows have been extensively studied, with researchers
examining various thermal and flow characteristics in the existence of magnetic fields. Lohrasbi and Sahai
[54] analyzed the effects of temperature-dependent transport properties. In their study, Malashetty and Leela
[55] analyzed MHD heat transfer in two-fluid systems. In contrast, Chamkha [56] investigated the transient
behavior of MHD-driven heat and mass transfer in a porous structure. Further contributions by Sharma and
Rani [57-58] and Temburu and Sreedhar [59] addressed ionized fluid heat transfer and flow behavior in the
existence of a transverse magnetic field, enhancing applications in plasma physics, industrial processes, and
space technology -particularly valuable for optimizing energy extraction in nuclear and geothermal power
plants. Additional notable studies in this area include those by Kalra et al. [60], Packham and Sail [61], Shail
[62], Shikhmurzaev [63], Vajravelu et al. [64], Umavathi et al. [65], Ozen et al. [66], Murthy and Srinivas
[67], Temburu and Naga Valli [68], Sharma and Sharma [69], Sivakamini and Govindarajan [70],
AbdElmaboud et al. [71], Roy and Shaw [72] Temburu and Satish [73], Temburu and Naga Valli [74].

The growing innovation in modern mechanism has intensified research exploring the dynamics of
MHD multi-fluid flow systems, owing to their wide-ranging industrial and engineering applications. A clear
understanding of thermal convection and fluid thermal behavior in dual-phase flow models is essential for the
development of devices such as thermonuclear reactors, conductive fluid power generation systems, and
magnetic induction pumps. In geothermal regions, using two-fluid flow models in electromagnetic pumps
improves flow rates and reduces power consumption in oil transportation. The transient nature of fluid flows,
especially in immiscible fluids, presents challenges in petroleum, geophysics, and magneto-fluid dynamics.
Hall currents, significant in astrophysical and plasma physics applications, impact unsteady MHD two-fluid
flow, requiring further investigation.

Although considerable research has been conducted on magnetohydrodynamic flows, studies
specifically addressing dual-fluid MHD systems examined with and without Hall current contributions remain
relatively scarce. Kalra et al. [75] investigated the effects of Hall currents and electrical resistivity in gas-liquid
systems. Relevant investigations in this direction include works by Temburu [76], Srinivasacharya and
Kaladhar [77], yet most existing work has primarily concentrated on steady-state conditions. This work
explores an important yet less-studied aspect of magnetohydrodynamic (MHD) flows—the combined effects of
Hall currents and wall porosity in unsteady two-fluid systems. While most earlier studies focus on steady-state
or single-fluid cases, so this article investigates transient, immiscible conducting fluids moving between a
horizontal channel consisting of electrically conductive, permeable side plates under the influence of a
transverse magnetic field. Using a regular perturbation method, it provides approximate analytical solutions
for velocity and temperature, showing how Hartmann number, Hall parameter, and porous boundaries together
influence heat transfer and flow resistance. A unique contribution is the comparison between zero-ionization
and partial-ionization cases, highlighting the role of electron pressure fraction. These insights can be applied
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in advanced systems such as nuclear reactor cooling, and aerospace thermal protection, plasma propulsion,
MHD power generation, and offers valuable guidance for designing high-performance thermal and fluid
control technologies.

2. Analytical derivation and mathematical analysis of the problem

The main aim of the present investigation is to examine the behavior of a magneto hydrodynamic two-

phase flow system, where electrically charged gases are driven through a horizontal flow conduit under the in

significance of a uniform pressure gradient denoted by (-Z—p ). The setup operates under the significance of
X

externally magnetic and electric fields exerted perpendicular to the flow direction, considering the flow as time-
dependent, smooth, and fully established. The analysis is carried out based on the following considerations:

The model considers a horizontal flow channel situated between two parallel walls of infinite length in
the x and z directions.

A rectangular (Cartesian) coordinate framework is adopted, placing the origin midway between the
channel walls. The pressure gradient is directed parallel to the x-axis, which extends along the channel
walls but does not always match the actual flow direction.

It is assumed that the channel’s width is substantially greater than its height to simplify the flow analysis.
The channel walls are electrically conducting and maintained at constant but different temperatures,
represented by 7', at y=h; and T, , at y = h, the upper portion of the channel is referred to as region-

I, and the bottom fluid region, referred to as region-II, covering the ranges from 0 < y < h; and
—h, < y <Orespectively.

The two fluid domains are considered non-miscible, electrically conducting, and volume-conserving,
each characterized by unique physical properties, including varying densities: p;,p,, viscosities:
1;, Wy, electrical conductivities: 6,;, 6, , and thermal conductivities: K, K, .

A constant, uniform magnetic field 'B," is applied perpendicular to the channel walls along the y-axis,

with the effects of Hall currents being considered in the analysis.

Induced magnetic effects are disregarded under the assumption of a low magnetic Reynolds number.
Boundary layer between the fluids separating the two-layer fluid system is presumed to be uniform, free
from shear stress, and stable throughout the flow domain to maintain the integrity of the boundary.

Region-I (0 <y <hi)

Region-1II (-h> <y <0)

| T‘N"’_
/
Bu

Z

< —

Fig.A. Flow scheme in coordinates.
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o Consistent temperature conditions are enforced at the channel walls, assuming heat conduction happens
solely along the flow path and ignoring the contribution of electron heating.

¢ Since the plates extend infinitely in the x- and z-directions, all flow variables, except for pressure, depend
only on the y-direction and time ‘¢’.

Based on the aforementioned assumptions and guided by insights from established research, the
fundamental flow equations are developed to depict the time-dependent MHD flow and associated heat flow
inside a channel formed by parallel conducting boundaries. The system is influenced by externally applied
transverse electric and magnetic fields and consists of two immiscible, electrically conducting fluid layers. These
governing equations are derived based on the core laws of fluid motion governing the unsteady behavior of fully
ionized, electrically neutral plasma, with explicit consideration given due to the presence of Hall effects.

The theoretical study incorporates the momentum, current continuity, and energy equations, tailored
for unsteady fluid motion. Appropriate boundary and interfacial conditions are applied to capture the physical
behavior at the channel walls and at the interface separating the two fluid layers. This formulation builds upon
and extends classical studies on hydromagnetic steady flows, particularly the foundational contributions of
Sato [17], Temburu [76], Spitzer [78], Nayak et al. [79] and Sadab and Kundu [80].

Governing equations of motion:
p i+(17.v)17 =—Vp+uV’V +(JxB). @2.1)
ot
Current equation:

E+VxB+E —-—— JxB——=0. (2.2)

Energy conservation equation:

pcp(?a—f+(l7.V)Tj=K v2T+¢+(}2/co). 2.3)

Continuity equation for incompressible fluid flow:
V.V =0. 24

The fundamental equations governing the behaviour of fluid motion and electrical current in time-
dependent magneto hydrodynamic flow behaviour of a fully ionized, electrically neutral fluid within a two-
layer fluid system confined between two parallel, porous channel walls are developed based on the theoretical
frameworks established by Sato [17], Spitzer [78], Malashetty and Leela [55] and Temburu and Valli [74].
These equations, applicable to both fluid regions, provide a comprehensive framework for analyzing the
dynamics of the system. We examine the two-fluid regions by considering key physical parameters,

considering the velocity distribution Viz(ui,(),wi), magnetic flux l_3=(0, By, 0), current intensity

J, =(J,,0,J.),and electric field strength E; = (E,,,0, E, ) with specified vector components, and by

x°>7> %z X2

incorporating the relation J; = J; + J}

1z2

(i=1,2) the governing set of equations capturing the flow dynamics

and electromagnetic responses in both the upper and lower fluid domains (Region-1 and Region-II) are
systematically derived and expressed as follows:
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Region-I:
ou o’u ou o %)
91—1291‘/1—21—91"0—1_ 1-s|1-21L Ry
ot dy oy Gy || Ox (2.5)
+{—G11 [Elz +“130]+521 [Elx _WIBO]} By,
6W] aZW] aW] 02] 5p
=p,v —pvy,—+| s = |—+:0,,(E;. —w,;B))+0|E;,. +u;B, [} By, (2.6
P15, Pzzayz Pjoay o 6x{”(1x 1By)+ 03[ Ep 10]}0 (2.6)
or, ¢, N &°T, or,  (ouw Y (ow Y] 72
1
Plcp,_l = pl——;ﬂ)]"o_]Jer (_Ij J{—]J +=L, (2.7)
ot Loy oy y y S
5G,; ( Op
Jix =011E1 —Byo ;W + 65, B, + Byoyu; + = | (2.8)
G;By \ Ox
E E
Jiz =0y | = tuy =0y —E—w, ——{ 1= (a—pj (2.9)
B, B, B, Gy, J\ Ox
Region-II:
du o%u ou o, |8
Pz—zzpzvz—;—f)zvo—z_ 1-s| 1-212 | P
+{_512[E22 +uyByl+05[E,, — WzBo]}Bo,
aWZ 62W2 aWZ 622 ap
—£=p,V,—=—pv,—=+| 5§ == |—+10,,(E,, —-w,B))+0,,(E, +u,B)):B,, (2.11
P27, Pzzayz onay o 6x{12( 25 =Wy By) +655 (Ey, +u; By){ By, (2.11)
oT,  Cp My O°T or. ou, | [ow, || J2
2
chp2_2 = pZ——ZZJFPzVo_ZﬂJz {_2} J{—Z} +=L, (2.12)
ot P, dy oy oy oy G2
SG 0
oy =(015E5,) = (Byo ;W) +(055,F,, ) + (Byo pou,) + — (_pj ) (2.13)
60230 5x
S o |9
B, Gy )\ Ox

In the developed system of equations, subscripts 1 and 2 are employed to differentiate the
corresponding physical parameters in Region-I and Region-II. The velocity components u;, u, and w;, w»
represent the fluid flow rates in the x- and z-directions, respectively, for each fluid layer, signifying the primary
and secondary velocity profiles. Similarly, the symbols E;. and E,, ,J;. and J,, (i =1,2) denote the respective

components of the electric field strength and current density vectors along the x- and z-axes in both fluid
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domains. The temperatures in Region-I and Region-Il are denoted by T; and T2, respectivelyc,,(i=1,2)

denotes the specific heat of the fluids at constant pressure.
A non-dimensional indicator, denoted as ‘s’, is defined as electron-to-total pressure ratio (s=p, / p)

within the plasma medium. A value of s=17/2 represents a fully ionized, neutral plasma, whereas values
approaching zero indicate a weakly ionized gaseous state. The coefficients 6,;,5,, and 6,;,5,, represent

refined electrical conductivities, oriented either parallel or perpendicular to the electric field, depending on

their respective definitions. As the top and bottom walls of the channel are sustained at uniform temperatures
. . o7, oT, oT. oT.

T,; and T, ,, the associated temperature-dependent functions —L=0,—L=0,—2=0,—2=0 and T, T,
ox 0z Ox 0z

are assumed to be finite and vary solely with respect to the y-coordinate and time ‘#’ within the two-fluid

domains. The interface located at y =0 ensures the continuity of both fluid velocities and tangential shear

stresses. Furthermore, isothermal boundary conditions are applied at the channel walls, maintaining not only
consistent temperature values but smooth conduction of heat through the interface dividing the two fluids.
The specified velocity constraints at both boundaries and interfaces in the flow system are:

(h ) q (h ) 0 for 1<0, 2.15)
u and w = . .
A o real of '™ for ¢ >0,
At the interface between the two regions u; (0 )= u,(0), w;(0)=w,(0) (2.17)
ou,; Ou, ow; ow,
— |=n,|—=| and — |= —=|at y=0. 2.18
ul[@y} u{@y} Hl(ay Ko 3y y (2.18)
Temperature boundary and transition conditions for the fluid domains:
(2.19)

oy oy

The equations numbered (2.5) to (2.14) and (2.15) to (2.19) are expressed in non-dimensional form using
these parameters:

2

* Z/l] * u2 * W] * W2 % V; ap hl
u1:_’ u 2:—’ W[:—’ W2:—, yl:h_l’ up:—a——,

“p P Up Up i X Wy

2
t = 20 =————(@{=12), mjy B > lZ_B >
J. J.
_ ix _ iz 2 _ g2 2
ix iz Ji=Ji+Ji,
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M (Hartmann number) = B/, [%j , o (The viscosity ratios) = ﬁ,
K Mo

h (the height ratios) =Z—2 ,  p(The density ratios) = p—z,

1 Pi
.. . . Gy LVO
o, (conductivity ratio of the two media)=—=, A (porous parameter) = —,
1 ()
co,zci, 002:%, &:—2’ Su_ M ~,  m (Hall parameter) = —*—,
G[I 62] G()I ]+m G()] 1+m l L
T T,
. o . . K;
[ (ratio of heat conductivities in the both fluid regions) = .
2
.. . T -T..
0, (distribution of temperature) = s U (2.20)
(”p uy/ Ki)

Here, o, refers to the angular motion frequency of electrons, while t and t, indicate the characteristic

interaction times energy transfer events between electrons, ions, and neutral gas constituents. The Hall
parameter ‘m’, which characterizes partially ionized gases, converges to the expression used for totally ionized
fluid as the temperature t, increases indefinitely, € is amplitude, typically representing a small constant value,

g<< 1. The symbol A is the suction parameter, also known as the suction number or porous parameter (a
dimensionless quantity that represents the ratio of suction velocity to a characteristic flow velocity). It is

Ly . . . . .
expressed as A= —Z , where vo denotes the suction velocity. This parameter is often used to describe the
L

influence of fluid removal or injection through a porous boundary on the overall flow behavior.
Boundary conditions:

For viscous fluids, the movement at the boundary follows the no-slip condition, meaning the fluid in
direct contact with a rigid surface matches the velocity of that surface. If the boundary is fixed, the velocity at
the wall is zero, while for a moving plate; it equals the plate’s velocity. This rule applies similarly to other
velocity components such as ‘v’ and ‘w’. At the interface between two immiscible fluids, both velocity and
shear stress are assumed to remain continuous across the boundary.

In terms of heat transfer, isothermal boundary conditions are often applied, assuming the solid surfaces
in contact with the fluid have infinite thermal conductivity and heat capacity. Under these conditions, the fluid
temperature at the surface matches that of the boundary. At interfaces between two immiscible fluids, both
temperature and heat flux are considered continuous, ensuring smooth thermal behavior across the junction.

By implementing the variable substitutions outlined in Eq.(2.20) and omitting the asterisk notations
for simplicity, Eqgs (2.5) to (2.14) are reformulated into their dimensionless counterparts. Moreover, it is
assumed that the channel's lateral plates, constructed from electrically responsive material and interconnected
via an external conductive channel, allow the generated electric currents to exit the channel. This configuration
ensures that no electrical potential imbalance is present across the channel walls. Additionally, assigning the
values m, =0, m, =0 eliminates the electrical intensity components in the x- and z-directions, consistent with

the assumptions made by Sato [17], Temburu [76] and Temburu and Venkat [81]. Under these conditions, the
final dimensionless flow equations for fluid motion, electric current, heat transfer, and associated boundary
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conditions in both fluid domains are established. In the following equations, the ‘*’ symbol has been omitted
for simplicity, since all variables are already represented in their non-dimensional form based on the defined
parameters.

Region-I:
Ou, u, 8%u, M? mM?
htd R Wacted RSt +u; )+ —w; ) +k;, 2.21
ot a o’ U+’ (mzf u]) 1+m’ (mxl W]) ! 22D
2 2 2
L L L T [ P R (222)
ot o oy I+m ! I+m !
00, 1%, .00, |(ouY (ow )
TR By Y BN fcies W R (400 T R V) (2.23)
o B o’ o |loy oy

I]x:[ ! j(mxl—w])Jr(] mgj(’"zﬁ”l)_%— mz} (2.24)

1+m’ +m I+m

1 m s [ m
I, = m, +u;|— m, —w; |+—|1- , (2.25)
= Yo ) Y 5 1

Region-II:

2
e pann 22 =0 (L oo tar? )

ot o o U+m? (2.26)
m
2

_2+pah7\46W2:a ‘/‘2}24-[ ! ZjacthMZ(mx _W2)+

t oy Oy I+m ’ (2.27)
+( n jocczthz(mz +u2)+l320°h2,

I+m’ :
0, 13%, . ou,Y [(ow,Y

2100, 3 D0 Bifz) [ | gop?ar?y,)? (228)
o0 B g’ o ol dy oy

2
OO0 mao,o SO) O m
;o ooz}m . J{Mj m 1,30 02( j 2.29
2 (1+m2 ( w2 2) I+m’ ( 2 2) M? I+m’ ( )



L.R. Temburu and G.S.R. Vangala 9
G0 mo,G, 5G G,C
I, =2 OIJmZ +u ( 0 02] m, —w +—0(1 0 0’], (2.30)
? (1+m2 ( 2 2) I+m’ ( 2 2) M? I+m
L’ =07+1,7°
1 —sm GO —8C(Cpom
where, 3 =I—s(—}, B, = , :I—S(]——O 01 J, —0 02
! I1+m? e’ b3 1+m? Ps = 1+m’
Conditions at the boundaries and interface for the velocity fields u;, w; and u,, w,:
% 0 for ¢t < 0, d ) for ¢t <0, 231)
u = and w,;(/)= .
! gcosot for ¢t > 0 ! gcoswt for > 0,
U (_] )=09 WZ(_])=05 (232)
u (0)=uy(0),  w(0) =wy(0), (2.33)
§u1 ] 5142 ] 8W2 6W1 6W2
—= and = at =0. 2.34
Temperature boundary conditions and interface constraints for both fluids
06, 1
0,(1)=0, 0,(-1)=0, 06,(0)=6,(0) and —L=—-"2 at y=0 2.35
(1) 2(-1) 1(0)=6,(0) o Bh oy y (2.35)

3. Solution methodology

The objective of this research is to obtain solutions for the momentum and heat transfer Eqs (2.21,
2.22,2.23,2.26,2.27 and 2.28) by incorporating the corresponding conditions at the boundaries and interfaces
(2.31 to 2.35) are applied to examine the flow speed and thermal distribution across flow regions. The
governing equations constitute a coupled set of intricate fluid flow equations that cannot be solved precisely
using direct analytical techniques. To address this, a first-order regular perturbation technique is employed,
assuming a two-term series approximation, which transforms the system into a set of linear ordinary

differential equations.

u; (v,t)=uy; (v) +real of ¢ u;; (y),
for t>0,

w, (y,t)zwm(y)+rea1 of g’ w;; (1),

uy (y,t)=1p, (y) +real of g€ u;, (y),
for¢t>0,

wy (7,8)=wyy (v) +real of £ wy, (),

3.1)

(3.2)
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0, (3, 1)=0y;(y)+real of £ 0,,(»),
for 1>0. 3.3)

0,(»,1)=0,,(y)+real of ge™ 0,,(»),

Within this framework, the variables 'u; (1), 1y, (¥); Wy;(¥), Wy (») and 0,;(»),0,,(»)" denote the

steady-state components of velocity and temperature variations across both fluid domains. In contrast,
uj ;(»),u;(v); wi(»),wr>(») and 0,;(»), 0,,(») represent the unsteady or time-varying parameters, which

are essential for analyzing the transient behavior of the system. To streamline the governing Eqs (2.21) and
(2.22) are combined into a single expression by introducing a complex-valued function:

q,(y,t)=u;(y,t)+iw;(y,t). Similarly, Eqs (2.26) and (2.27) are unified by defining
q>(y,t)=u,(y,t)+iw,(y,t). The relations from Eqs (3.1-3.3) are substituted into Eqs (2.21-2.23) and (2.26-

2.28), after which the steady and fluctuating terms are separated to simplify the analysis, a set of differential
equations is formulated in terms of complex variables ', q;;, gy, and ¢;,". Additional parameters

"Go1 =Up; F W5 qr =Upp FIW S Qoa =Ugy +iW)55 g =Uy5 +iwy,'are also introduced to complete the
formulation.

Evaluation of Region-I in steady state

d’qy . dg

ﬁ_kd—mJFC]%J:Cza 34
2

"0y, + & - —d27ed23y —d286d24y _ d296d25y —d3oed25y n

dy’ dy (3.5)

—d31ef3(’y _ dﬂef“y _ d33ef3(’y _ d34e-/31y —d;;s.

In the case of time-dependent transient flow

dZQII dq;,
——L - A—"+(c¢; +otanwt)q,;; =0, 3.6
P dy (2 )41 (3.6)

2
G
dy

+d145ed141y + d1366f34y n d137ef35y + d134ef34y + d135€f35y.

do
11 _ dj38y di39y dr40y
+d;500,, =d ;e +dpyze +d e +

(3.7)

Evaluation of Region-II in steady state

d’qy, . dg
32 A=+ c3qp,=¢y, 3.8)

dy dy
de,,

d2912 d d d
—2 4 hpoh—=+d,;,,0,, = —d e —d e —d g e +
dy2 p dy 120912 78 79 80 (3.9)

d77y f329 133 f329 f33y
—dg 7" —dgye’ T —dgze T —bgye’3 —bgsel I —dys.
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In the case of time-dependent transient flow

szu dq

—2 3 3L 4 (¢, + otan oof =0, 3.10
dy2 dy ( 3 )qIZ ( )
d’0,,

do d d d
e +hpoc7»d—y”+d120912 =d 59" +d1gp€™ % +djg 1T + (3.11)

+d1926d188y n d183ef36y + d184ef37y +d ]8lef36y +d 1826f37y-

Conductive plates: a case analysis:

When the lateral boundaries are composed of electrically conducting substances and are interconnected
by an external electrical conduit, the induced current is allowed to flow beyond the channel walls. Under these
circumstances, no electric field potential difference is established across the sidewalls. Additionally, by
considering the electric field along the x- and z-directions to be absent, the parameters m_ and m, are taken

as zero, in accordance with the approach by Sato [17]. The constants characterizing the system are then

evaluated based on these assumptions. Subsequently, the expressions for the variablesu;, u,; w;, w,; u,, ,u

s

mp>
Wy, >Wn,» 1; and I, within both regions are obtained as follows:
Steady-state analysis in Region-I
- ; = rolsoy 4 folsy L2 3.12
901(¥) = up;(¥) +iwy, (¥) = fre foe . (3.12)
1
In the transient time-dependent component
41 ()= (9 +iwy () = fseB + [l (3.13)
1 m s m m
L=1,, +il,,=|—— ((iu;—w; )+ u; +iw; |- — —i|1- , (3.14)
e L+m2}( =) L+m2}( e {1+m2 { 1+m2}}
q1(y,t)=qo(y)+tecosot.q; ()=
P P ¢, P ; (3.15)
= fe7307 + frel31 -l——-l—scoso)t(f5e- My fye 35y).
i
Expression for the mean velocity in complex form
. 1 c,
Gm; = Uy +1Wy, ZIO q,dy = f1Co7 + faCos + ==+ fog . (3.16)
¢

Steady-state analysis in Region-11

) c
Go2(¥) = up, (¥) +iwpy(¥) = f3€f32y + f4ef33y + 0_4 . (3.17)
3
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In the transient time-dependent component

4 (0) = up (V) +iwg, () = fre7367 + fyel¥77 (3.18)

I=1,, +il,, =(G”G”§ J(z’uz —w2)+[MGg2j(u2 +iwy)+
1+m 1+m

(3.19)

B S602602 ( m J SGyl 500200] [
b
M? \ivw?) M (1+m? )M

g:(y.1)=qp(y)+ecosot. q;,( )=

) 3.20
:f3ef32y +f4ef33y +C—4+80050)t(f7€f35y +f86f37Y). ( )
C3

The mean velocity is given by:

. 1 c
Gy Ty + Wy, ZJ-O q2dy = f3Co9 + [4C100 + L+ [ag.- (3.21)
C3

Conducting plates: temperature variation study:

Derived energy equations applicable to this case

Region-I

, _
®, 100, ,09 (U, ),
o p.a? y Lo )\ oy

] 2(U,U,)+(1— ! 2) 54 L, lsz m - U U ,
I1+m 1+m*° )M Dy D, M= 1+m*\ gy, D,

(3.22)

_ ~hy dos3y doyqy dosy dzsy S30¥
Gj(y,t)—gm +g€ —(d36e +d;se +dsge +d;ge +dy3e +
+d233ef31y + d234ef30y + d235€f31y + d236y) + ECOS Ubt(g17€g9y + g]gegl()y + d2896d138y + (323)
di39y d140y diqry f34y f35¥ S34Y S35y

Evaluation of heat transfer coefficient (upper boundary) at y =17 when Nu; = —(%j
%
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Region-II

Evaluation of heat transfer coefficient (lower boundary) at y =—/ when Nu, = L[&]

_ — d3 doy dys dz S30
N“J——[—kgme _(d36d23e +ds;dy,e™? +dsgdyse? +dsgdree " +d sz, f30e70 +

' - f3 = f31
+d233f31€j31 +d234f3oef30 +dyz5 £33 +d236)+8005®f(g17g9eg9 +815810¢%0 +

o (3.24)
+d 59035673 +dgyd 396 + dgid e + dygrd g0 + dgs frge +
gy f35€" +drgs [346" +dogg [15¢" ﬂ
5 —
B, _ 120 )@ Bl2V, U]
ot p. 0y oy ol Oy oy
(3.25)

Y 1,y PR A {U_U=J

1+m’ 1+m’ M4qm2qm2 M 1+m’ ny G,

- —dysy d74y dzsy d76¥ dy7y S32y
0, (y,t) =g;5+gse P —(d(%e M7 +dg,e" +dgge’7 +dgge” +dy5,e’3 +
+d252€f33y +d2533f32y +d254ef33y + d255y) +800$0)t(g19€g”y +g209g12y +d315€d185y + (326)
d186y dig7y 18y f367 f377 S36¥ J37y
+d316e +d317e +d3186 +d319€ +d32()e +d321@ +d322€ .

pr\ dy

1 d —d —d —d —d
_ | — 45 _ 74 75 76 77
[ 816445 (d86d74e +dg,d;se +dggd;ge +dgod;ze +

Bh

+dys,f: 326_‘f32 +dys,f: 336_‘f33 +d;s3f 326_‘f32 +djsy f: 333_‘f33 —d>ss ) +

Nu2 =

-g -8 —d —d
+acosmt(g19gue '+ gy9g2e °12 +dsy5dgse 15 +dz d 56 7150 + (3.27)
tdyyrd g6 T+ dygd gse 8+ dyy frpe T +
3179187 3189788 31936

+d320§‘?_f37 + d321f366_f36 + d322f37e_f37 )J

4. Results and discussion

The problem considers the transient MHD flow of an ionized fluid in a horizontal duct formed by two
parallel porous surfaces, influenced by a perpendicular magnetic field and modified by Hall current effects. Flow
dynamics and current transport equations density are formulated and modified based on the assumptions
considered. The resulting differential equations are analytically formulated to determine explicit expressions for

both primary, secondary velocity components (# ;, u , and w;,w, ), as well as temperature distributions (6 7,0, )

and thermal transfer intensities at the upper and lower boundaries (Nu ; and Nu, ) in both fluid regions.

Approximate analytical solutions for the flow and temperature distribution are derived for electrically
conducting fluids. Numerical values for different categories of the key characteristic parameters are computed
to analyze their effects on the flow characteristics, and these results are presented through graphical
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illustrations in Figures 1 to 48. In these figures, continuous lines represent the velocity profiles for transient
flow, while mixed dashed and dotted indicators depict the profiles for steady-state conditions.

The figures clearly demonstrate the influence of several parameters: such as the Hartmann number-M,
Hall parameter-m, porous parameter-), density ratio-p, viscosity ratio-a, height ratio-A, electrical

conductivity ratio- o, and thermal conductivity- 3 on the heat exchange processes and fluid dynamic profiles.
The study considers two specific cases: s=0and s=1/2, representing different ratios fraction of total

pressure attributed to electrons.
For the numerical simulations, appropriate  quantities  for  parameters  like

(09;=1.2,009;=1.5, F, =F. =1) are employed. Importantly, it is identified that unlike in the case of non-

conductive boundaries, the solutions obtained here are influenced by the parameter ‘s’ when the plates possess
conducting properties. Furthermore, the findings align well with the results reported by Temburu and Valli
[74] for steady-state conditions and are consistent with the earlier work of Malashetty and Leela [55] in
scenarios excluding Hall effects and non-porous boundaries under steady flows.

For the case when the ionization parameter, s = 0:

Figures 1-3 present how variations in the Hartmann number-M influence the profile of velocity and
temperature. Increasing the M weakens the primary and secondary motion in each fluid region, with the highest
velocity shifting toward region-1. Likewise, the temperature diminishes with higher values of M, and its maximum
also moves toward region-I when other conditions remain unchanged. This may due to the fact that when the
magnetic field becomes stronger, the Lorentz force pushes back against the fluid motion, slowing it down. This
reduction in flow speed also lowers the temperature, with both velocity and temperature peaks moving toward
region [. Although a magnetic field can generate Joule heating, in this case the damping effect on motion
dominates.

-15 - i Yo
Fig.1. Effect of Hartmann number M on primary Fig.2. Effect of Hartmann number M on secondary
velocity components (u /s uz) for unsteady velocity components (wl, w2) for unsteady
and (u ¥, U, *) steady flow conditions, with and (W,*, w, *) steady flow conditions, with
fixed values m=2,0=09,A=2, h=1, fixed values m=2,a=09,A=2, h=1,
op=1, oy =12,0p=15,=05p=1, cp=1, oy =12,0pp=15,e=0.5,p=1,

ow=1,t=7n/®and s=0 ow=1t=n/wand s=0
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—— M=10
—— M=20
——km e M*=2
- =4
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Fig.3. Effect of Hartmann number M on
temperature  components  (6,,6,)  for
unsteady and (6,%,0,%*) steady flow
conditions, with fixed values m=2,
a=0.333, A=2, h=0.75 o,=2,
oy =12, oy, =15, B=1, €¢=0.5, p=1,
w=1, t=n/w and s=0.

-15.=

Fig.5. Effect of Hartmann number m on secondary
velocity components (w,, W2) for unsteady
and (w,*, wy*) steady flow conditions,
with fixed values M =2, a=09,A=2,
h=1,6y=1, oy =12,06)=152¢e=0.5,
p=L,o=1Lt=n/®and s=0.

=1;5/%

Fig.4. Effect of Hall parameter m on primary
velocity components (u I uz) for unsteady
and (u;*, u,*) steady flow conditions, with
fixed values M=2,a=09,A=2, h=1,
op=1, oy =12,06pp=15,e=0.5,p=1,
o=/ t=n/oand s=0

Fig.6. Effect of Hartmann number m on temperature
components (6,0, ) for unsteady and
(6,*%,0,*) steady flow conditions, with fixed
values M =2, a=0.333, A=2, h=0.75,
oyp=2,0y =12, c),=15, p=1, €=0.5,
p=1, o=1, t=n/® and s=0.
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Figures 4-6 illustrate how variations in the Hall parameter-influence the velocity and temperature
profiles. With a rise in the value of m, both dominant and transverse velocity profiles exhibit growth, with their
respective peaks migrating toward region-1. The temperature reduces up to m = 2, after which it rises, while
the location of the maximum temperature shifts toward region-I similarly. That is, as the Hall parameter
increases, the Hall current changes the way the magnetic field interacts with the moving fluid. This weakens
the braking effect of the Lorentz force, allowing velocities to rise and shifting their peaks toward region I. The
temperature first drops up to about m =2 because stronger mixing removes heat more efficiently, but after
that it starts to climb again due to reduced cooling efficiency.

The contribution of the porous parameter- A, to changes in velocity and temperature fields is displayed
in Figs 7-9. From Fig.7, it is evident that in region-I, A promotes higher primary velocity, while in region-II,
it causes a decline. Figure 8 reveals that secondary velocity increases in region-1 up to A =/7.5 and then
declines, while it decreases steadily in region-II. Both velocity profiles tend to shift toward region-I with higher
values of A . Figure 9 indicates that temperature drops up to A =/ in region-I and then begins to rise, whereas
in region-1I, it continuously decreases, with the temperature peak moving toward region-I as A increases. That
is, changing the porous nature of the channel plates affect how easily fluid can pass through or interact with
them. In some regions, greater permeability lets the fluid move more freely, boosting velocities, while in others
it increases resistance and slows the flow. This uneven change across the regions shifts where the maximum
velocity and temperature occur.

Figures 10-12 illustrate how the viscosity ratio o affects velocity and temperature. Increasing o
results in higher primary and secondary velocities, with the peak values drifting toward region-1. Temperature
declines up to ao=0./ in region-I and ou=0.333 in region-II before increasing. The highest temperature
gradually shifts below the centerline of the channel toward Region-II as a enhances.

1,5 —+— A=05
—— =]
—a— =15
——A=2
*=0.5
Y
*=15

0,3

el —
Fig.7. Effect of porous parameter A on primary Fig.8. Effect of porous parameter A on primary
velocity components (u I “2) for unsteady velocity components (w,, w2) for unsteady
and (u;*, u, *) steady flow conditions, with and (w;*, w, *) steady flow conditions, with
fixed values M=2,0=09, m=2, h=1, fixed values M=2,0=09,m=2, h=1,
op=1, oy =12,06p=15,e=05p=1, oy=1, oy=12,06)=15¢=05p=1,

ow=1t=n/0and s=0. ow=1t=n/wand s=0.
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--4---1"=05
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———am-At=2
}
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-1,5 - =257
Fig.9. Effect of porous parameter A on Fig.10. Effect of viscosity ratio o on primary
temperature  components  (6,,6,)  for velocity components (u;, u,) for unsteady
unsteady and (6,%,6,%) steady flow and (u;*, u,*) steady flow conditions, with
conditions, with fixed values M =4, fixed wvalues M=2,A=2,m=2,h=1,
0L=0333, m:2, h=0.75, 60:2, 60:1, 601:12’602:].5,8:0.5,p:]’
601 :].2, 002 :15, B:], 8:0.5, p:], (DZI, l‘=7t/(,0 aIld SZO-
w=1, t=n/m»and s=0.
—— 0=0.05
1,5 1 — 0=0.1
—— 0=0.333
—— =05
——%-—-a*=0.05
1 =B n*=01
———t——-0*=0.333
it ———eaq*=05
05 ‘::')
Y Y
0 #’—
20 25
'0,5 .
-1
15 - 25
Fig.11. Effect of viscosity ratio o on secondary Fig.12. Effect of viscosity ratio o on temperature
velocity components (WI, w2) for unsteady components (6 ;.0 2) for unsteady and
and (w;*, w,*) steady flow conditions, (6,%,8, *) steady flow conditions, with fixed
with fixed values M =2, A=2, m=2 values M =4, m=2, A=2, h=0.75,
h21,60=1, 60121.2,60221.5,820.5, 00:2, 60121.2, 602:].5, BZI, 8:0.5,

p=L,o=1Lt=n/®and s=0. p=1, o=1, t=n/® and s=0.
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Fig.13. Effect of height ratio # on primary velocity Fig.14. Effect of height ratio /# on secondary velocity

components (u;, u,) for unsteady and components (w;, w,) for unsteady and
(u;*, u,*) steady flow conditions, with (w;*, wy*) steady flow conditions, with
fixed values M =2, 0=09, m=2, A=2, fixed values M =2, a=09, m=2, A=2,
Gy=1, oy =120p=15ec=05p=1, Gy=1, oy =120p=15ec=05p=1,

w=1t=n/mand s=0. w=1t=n/wand s=0.

5.7 15 - ——00=0.1

—=a §0=05
—a— o0=1
—=—00=2
——00°=0.1
—o— 00°*=05
—+— 00°=1

0,5 -

0,3

0,5 -

-1,5 - -15 -

Fig.15. Effect of height ratio & on temperature
components (6,,6,) for unsteady and
(91*,92 *) steady flow conditions, with
fixed values M=4, m=2, A=2,

Fig.16. Effect of electrical conductivity ratio G, on
primary velocity components (u;, u,) for

unsteady and  (u;* u,*) steady flow

conditions, with fixed values
0(.20.333, 60:2, 60121.2, 002:]5, M:2,a:0.9,m:2,7\4:2, 001:]2,
B=1, e=0.5, p=1, o=1, t=n/» and h=1, Gy =1.5,=0.5p=1, =1,

s=0. t=mn/wand s=0.
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Fig.17. Effect of electrical conductivity ratio G, on Fig.18. Effect of electrical conductivity ratio 6, on

secondary velocity components (w;, w,)
for unsteady and (w;*, w,*) steady flow
conditions, with fixed values M =2, m=2,
%=2,  a=09, h=I, oy=12,

and s=0.

temperature  components  (6,,6,)  for
unsteady and (6,%,0,*) steady flow
conditions, with fixed values M =4, m=2,
A=2, a=0333, h=0.75, o,=12,

602:15, B:], 8:0.5, p:1, (DZI,
t=7n/®and s=0.

i

=35 =

Fig.19. Effect of density ratio p on primary
velocity components (u;, u,) for unsteady

and (u;*, u,*) steady flow conditions, with
fixed values M =2, 0=09, m=2, A=2,

Fig.20. Effect of density ratio p on secondary
velocity components (w;, w,) for unsteady

and (w;*, w, *) steady flow conditions, with
fixed values M=2,0=01,m=2, A=2,
00:], 60121.2,602:]5,8:05,}1:1,

60:2, 60]:].2,60221.5,8:0.5,}1:],
o=/ t=n/®and s=0.

o=/ t=n/®and s=0.
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Fig.21. Effect of density ratio p on temperature
components (6,,0,) for unsteady and
(6,%,6,%) steady flow conditions, with
fixed values M=4, m=2, A=2,
a=0333, h=075, o,=2.0y=12,
G =15, €¢=0.5, B=1, o=1, t=n/®

and s=0.
—+—m=05
35 - —S—=mel
—m=2
—e—m=3
30
25 A
20 -
.\'lll
15
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5
0 T T ]
0 1000 M 2000 3000

Fig.23. Variation of Nusselt number Nu; with
different Hartmann number M values for
fixed parameters a.=0.333, o, =2, A=1,
oy =12, op=15 p=1, h=0.75,
B=1e=05, wo=1, t=n/w and s=0.

Fig.22. Effect of thermal conductivity ratio 3 on

temperature ~ components  (6,,6,)  for
unsteady and (6,%,6,%) steady flow
conditions, with fixed values M =4, m=2,
r=2, a=0333, h=075, oc,=2,
6y =12, oy, =15, €=0.5, p=1, o=1,
t=n/mand s=0.
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Fig.24. Variation of Nusselt number Nu, with

different Hartmann number M values for
fixed parameters a.=0.333, c,=2, A=,

601:12, 002:].5, p:1, h:0.75, B:],
=05, w=1, t=n/m and s=0.



L.R. Temburu and G.S.R. Vangala 21

Figures 13-15 illustrate how the flow and heat transfer characteristics respond to different values of
the height ratio-4. Increasing / results in improved magnitudes of both primary and secondary fluid motions,
with the peaks approaching region-1. Temperature distribution also rises throughout both regions, while the
location of the maximum temperature moves downward from the channel midpoint into region-II as /4 rises.

Figures 16-18 show how the electrical conductivity ratio impacts the system-c,, . Changes in 6, do

not significantly alter the velocity or temperature values, but the peak positions shift toward region-I above the
channel centerline with increasing c,, .

Figures 19-21 explore how variations in p influence the flow and thermal distributions. As p increases,

both primary and secondary velocities diminish, moving toward region-I. The temperature rises in both
regions, with the peak shifting below the channel centerline into region-II.
Figures 16-18 show how the electrical conductivity ratio impacts the system-c,, . Changes in o, do

not significantly alter the velocity or temperature values, but the peak positions shift toward region-I above the
channel centerline with increasing c,, .

Figures 19-21 explore how variations in p influence the flow and thermal distributions. As p increases,

both primary and secondary velocities diminish, moving toward region-I. The temperature rises in both
regions, with the peak shifting below the channel centerline into region-II.
Figure 22 illustrates the influence of thermal conductivity ratio-[3 variations on the temperature

profile. As Pincreases, temperature levels rise in both regions, with the peak slightly moving downward from

the channel centerline into region-II. That is, better thermal conductivity smooth’s out temperature differences
by spreading heat more evenly.
The heat exchange rates at both the upper and lower channel interfaces are represented in Figs 23 and
24. As the Hartmann number-M rises, heat flow rate improves when s =0, while other parameters are kept
constant. Additionally, a rise in the Hall parameter contributes to greater heat dissipation at the channel surfaces.
That is, both a stronger magnetic field and a higher Hall parameter increase the overall heat transfer
by modifying how the fluid moves and how electrical energy is converted into heat.

For the case when the ionization parameter, s = 1/2:

Figures 25-27 display how the Hartmann number-M affects flow dynamics and heat transfer behavior.
With increasing M, an increase in M up to 4 leads to a reduction in the primary velocity, accompanied by a
corresponding initial increase in the secondary velocity exhibits a rising trend initially and later declines in
both regions. The location of peak velocity gradually ascends beyond the centerline toward region-I.
Simultaneously, the temperature variation declines as M increases, and the maximum temperature shifts toward
region-1 when other conditions remain unchanged. This means that, a stronger magnetic field slows the primary
flow because the Lorentz force resists motion. The secondary velocity responds differently, first rising due to
altered cross-flow currents, then falling as magnetic damping dominates. In both cases, the temperature
decreases, and the main peaks shift toward region 1.

Figures 28-30 illustrate the effect of Hall parameter-m on flow velocity and temperature distribution.
An increase in m results in the enhancement of both primary and secondary velocities. The peak primary
velocity moves toward region-I, while the peak secondary velocity drifts toward region-II. Elevated Hall
parameter values lead to reduced temperatures in both regions and a downward shift of the thermal maximum
into region-II. That is, the increasing the Hall parameter boosts both primary and secondary velocities. The
change in current direction from Hall effects moves the primary velocity peak into region I, while the secondary
velocity peak shifts into region II. Temperature drops steadily, with its maxima also shifting toward region II,
indicating that heat transport is more pronounced there.

Figures 31-33 represent how changing the porous parameter-A affects both the flow and temperature
characteristics within the two-fluid system. As A rises, the main flow speed increases in region-I, but reduces
in region-II. Secondary flow component grows until it reaches a peak at A =/, then declines in region-I and

keeps decreasing in region-II.
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Fig.25. Effect of Hartmann number M on primary

Fig.26. Effect of Hartmann number M on secondary
velocity components (u /s uz) for unsteady

velocity components (wj, wz) for unsteady
and (u,*, u, *) steady flow conditions, with and (w;*, w, *) steady flow conditions, with
fixed values m=2,a0a=09,A=2, h=1, fixed values m=2,0=09,A=2, h=1,

op=1, oy =12,0p=15,e=05p=1, cp=1, oy =12,06pp=15,e=0.5,p=1,
ow=1,t=n/mn and s=0.5. ow=1,t=n/m and s=0.5.

o -

Fig.27. Effect of Hartmann number M on
temperature ~ components  (6,,6,)  for
unsteady and (6,%,0,%*) steady flow
conditions, with fixed values m=2,
a=0333, A=2, h=0.75 o,=2,
cy =12, oy, =15, B=1, €=0.5, p=1,
ow=1, t=7/® and s=0.5.

Fig.28. Effect of Hall parameter m on primary
velocity components (u,, uz) for unsteady
and (u;*, u,*) steady flow conditions, with
fixed values M=2,0a=09,A=2, h=1,

60:1, 601:].2,002:].5,8:05,p:],
ow=1,t=n/w and s=0.5.
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Fig.29. Effect of Hartmann number m on secondary
velocity components (WJ, W2) for unsteady
and (WI * W, *) steady flow conditions,
with fixed values M =2, a=09,A=2,
h=1,6y=1, oy =1206)=15¢e=0.5,
p=1L,o=1t=n/® and s=0.5.

=15

Fig.31. Effect of porous parameter A on primary
velocity components (u;, u,) for unsteady
and (u;*, u, *) steady flow conditions, with
fixed values M =2, 0=09, m=2, h=1,
op=1, oy=12,0pp=15¢e=05p=1,
ow=1,t=n/n and s=0.5.
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Fig.30. Effect of Hartmann number m on temperature
components (6 7,0 2) for unsteady and
(6,%,0, *) steady flow conditions, with fixed
values M =2, a=0.333, A=2, h=0.75,
cyp=2,0y =12 c)=15, B=1, €=0.5,
p=1, o=1, t=n/m and s=0.5.

-15 -

Fig.32. Effect of porous parameter A on primary
velocity components (w;, w,) for unsteady
and (w;*, w, *) steady flow conditions, with
fixed values M=2,0=0.9,m=2, h=1,

cp=1, oy =12,06p=15¢e=05p=1,
ow=1,t=n/mn and s=0.5.
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Fig.33. Effect of porous parameter A on temperature Fig.34. Effect of viscosity ratio o on primary
components  (6,,0,) for unsteady and velocity components (u;, u,) for unsteady
(6,%,6,*) steady flow conditions, with fixed and (u;*, u, *) steady flow conditions, with
values M =4, a.=0.333, m=2, h=0.75, fixed wvalues M=2,A=2,m=2,h=1,
00:2, 001:].2, 00221.5, le, G():], G()]:].2,00221.5,8:0.5,p:],
e=0.5, p=1, =1, t=n/® and s=0.5. ow=1,t=n/mn and s=0.5.

The peak velocity location also migrates upward from the mid-plane into region-I. Alongside these
changes, the temperature profiles in both flow areas decrease, with the highest temperature point gradually
shifting toward region-I as the porous parameter grows.

Figures 34-36 present the viscosity ratio- o on fluid motion and heat distribution. With higher viscosity
ratios, the dominant velocity component rises in both regions. The secondary velocity, however, decreases
until a certain point oo =0.5, then starts rising in region-I, while continuously declining in region-II. The peak
velocity shifts upward across the centerline into region-I. The temperature initially drops up to a particular
viscosity ratio a=0.1 in region-1 as well as a=0.333 in region-Il, progressively elevates, with the peak
temperature moving beneath the flow's midline in region-II as o grows. That is, wall permeability and viscous
diffusion influence the flow differently across the two regions. Depending on whether drag or momentum
redistribution dominates, peaks in velocity and temperature shift location, reflecting the competition between
wall-induced resistance and fluid mixing.

Figures 37-39 illustrate the impact of height ratio-h variations on flow velocity and temperature fields.
With an increase in /4 the primary velocity shows a noticeable increase throughout both fluid layers. In contrast,
the secondary velocity decreases up to 4 =0.75, after which it ascends in region-I and steadily rises in region-
II. The zone of maximum flow velocity moves upward from the channel’s central axis toward region-I.
Likewise, the temperature profiles display a gradual rise in both regions, with the thermal peak shifting
downward into region-II as ‘h’ becomes larger. That is, altering the channel height ratio changes the flow speed
distribution by modifying the geometric constraints on momentum diffusion.

Figures 40-42 explore the influence of the electrical conductivity ratio-c, on flow and thermal

characteristics. As the conductivity ratio grows, in both regions, the axial (primary) velocity shows an increase,
whereas the transverse (secondary) velocity declines in region-I and region-II up to a certain value ¢, =1,

and then begins to increase. The peak flow velocity shifts above the midline into region-I.
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Fig.35. Effect of viscosity ratio o on secondary
velocity components (w;, w,) for unsteady
and (w,*, w,*) steady flow conditions,
with fixed values M =2, A=2, m=2
h=1,6)=1, oy=120p=15¢=0.5,
p=1l,0=1,t=n/o and s=0.5.
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Fig.37. Effect of height ratio # on primary velocity
components (u;, u,) for unsteady and
(u;*, u,*) steady flow conditions, with
fixed values M =2, 0=09, m=2, A=2,
op=1, oy=12,06p=15,e=0.5p=1,
ow=1,t=n/m and s=0.5.

g A

Fig.36. Effect of viscosity ratio o on temperature
components  (6,,0,) for unsteady and
(6,%,8, *) steady flow conditions, with fixed
values M =4, A=2, h=0.75,

60:2, 001:].2, 002:15, le, 8205,
p=1, =1, t=n/® and s=0.5.

m=2,

e R

Fig.38. Effect of height ratio 4 on secondary velocity
components (w;, w,) for unsteady and
(w;*, wy*) steady flow conditions, with
fixed values M=2,0=09, m=2, A=2,
cp=1, oy =12,06p=15¢e=05p=1,
o=/ t=n/o and s=0.5.
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Fig.39. Effect of height ratio 4 on temperature
components (6,,0,) for unsteady and
(6,*,8, *) steady flow conditions, with fixed
values M =4, m=2, Ai=2, a=0.333,
6p=2, oy =12, oyp=15 PB=1,
e=0.5, p=1, =1, t=n/o® and s=0.5.
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Fig.41. Effect of electrical conductivity ratio 6, on
secondary velocity components (w;, w,) for
unsteady and  (w;*, w,*) steady flow
conditions, with fixed values M =2, m=2,

A=2, o=09, h=1, oy, =12, c,=1.5,
e=0.5, p=1, o=1, t=7n/® and s=0.5.

Fig.40. Effect of electrical conductivity ratio 6, on

primary velocity components (u;, u,) for
unsteady and (u;*, u, *) steady flow conditions,
with fixed values M =2, 0=0.9, m=2, A=2,

Gy; 212, h:], p:I, Op2 :].5,820.5,
ow=1, t=n/wn and s=0.5.

15 ~ ——00=0.1

15 20

41,5 -

Fig.42. Effect of electrical conductivity ratio G, on

temperature components (6,,6,) for unsteady
and (6,%,0,*) steady flow conditions, with
fixed values M =4, m=2, A=2, a.=0.333,
h=0.75, oy, =12, cy=15, B=1, €¢=0.5,
p=1, =1, t=n/m and 5s=0.5.
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Fig.43. Effect of density ratio p on primary
velocity components (u;, u,) for unsteady
and (u;*, u, *) steady flow conditions, with
fixed values M =2, 0=09, m=2, A=2,

00:], GOI:1.2,602:].5,8:0.5,h21,
ow=1/,t=n/® and s=0.5.

Fig.44. Effect of density ratio p on secondary
velocity components (wj, wz) for unsteady
and (w;*, w, *) steady flow conditions, with
fixed values M=2,a=01m=2, A=2,

60:2, Go[:].2,60221.5,8:0.5,}1:],
o=/ t=n/® and s=0.5.

L5 5

|1}
Y

il

ERR-R-R-R-R-R-)
T e
L i

b i

1
15

-15
1,5 -

Fig.45. Effect of density ratio p on temperature

Fig.46. Effect of thermal conductivity ratio 3 on
components (6,,0,) for unsteady and

temperature  components  (6,,6,)  for
(6 %0, *) steady flow conditions, with unsteady and (6 1.0, *) steady flow
fixed values M=4, m=2, A=2, conditions, with fixed values M =4, m=2,

a=0.333, h=0.75, o,=2,0,=12, A=2, a=0333, h=0.75, o,=2,
G =15, €¢=0.5, B=1, o=1, t=n/® 6y =12, oy, =15, €=0.5, p=1, o=1,

and s =0.5. t=n/® and s=0.5.
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Fig.47. Variation of Nusselt number Nu; with Fig.48. Variation of Nusselt number Nu, with
different Hartmann number M values for different Hartmann number M values for
fixed parameters o =0.333, 6,=2, A=1, fixed parameters a=0.333, 6,=2, A=,
60121.2, 60221.5, p:], h=075, 60121.2, 60221.5, p:]’ h=075, BZI,
B=1¢e=035 w=1I, t=n/w and s=0.5. e=0.5, o=1, t=n/w and s=0.5.

In region-I, the fluid temperature increases progressively whereas in region-II, it initially drops as c,, reaches

2 before rising again beyond this point and the peak temperature moves beneath the centerline into region-II
as o, increases. This means that the electrical conductivity has a strong influence on both velocity and

temperature because it alters the current density and the amount of Joule heating, redistributing energy between
the regions.
The trend of primary, secondary flow velocities and temperature fields under varying density ratios p

is illustrated in Figs 43-45. A rise in the density ratio causes a noticeable decline in the primary velocity within
both fluid regions. In contrast, the secondary velocity reduces initially, attaining a minimum at p=1/, before

rising afterward. The peak velocity shifts above the channel centerline toward region-1. Temperature trends
show a decrease up to a specific point p=0.2, followed by an increase in both regions with the maximum

temperature moving beneath the central axis within region-II as the density ratio increases. That is, higher
density makes the fluid harder to accelerate, reducing velocities throughout the channel.
Figure 46 illustrates how changes in the thermal conductivity ratio-f influence temperature

distribution. With Pincreasing, temperature raises in both flow regions, and the maximum thermal level

slightly moves downward toward region-II. That is, the greater thermal conductivity spreads heat more
effectively, increasing overall temperatures and moving the peaks into region II.

Figures 47 and 48 reveal that, for s=17/2 the heat transfer coefficients on both plates rise with
increasing Hartmann number-M while holding other parameters constant. A further increase in the Hall
parameter enhances this thermal transport at both boundaries.

In this configuration, total heat transfer increases with both Hartmann number M and Hall parameter
m, as electromagnetic effects enhance mixing and energy exchange between the fluid and the boundaries.

5. Conclusions

This article examines unsteady ionized hydro magnetic two-fluids flow through a channel of
conducting permeable side plates with heat transfer in the presence of Hall currents, aiming to extend existing
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MHD models by incorporating the combined effects of unsteadiness, Hall currents and wall porosity.
Temperature and velocity behaviors are studied in terms of electron pressure fraction. The analysis investigates
the sensitivity of the flow and thermal characteristics to variations in parameters such as Hartmann number,
Hall factor, fluid viscosities and densities, channel geometry, electrical conductivities, and thermal property
ratios. Two distinct cases - one assuming zero ionization and the other considering half ionization - are
analyzed, with a comparative discussion highlighting the significant differences in fluid motion and heat
transfer between the two scenarios. The study holds significance for applications in aerospace, plasma physics,
geophysics, and various industries such as chemical processing, petroleum, and power generation, with
practical uses in reactor cooling, acrodynamic boundary layer control, spacecraft, MHD generators, pumps,
flow meters, Hall accelerators, plasma jets.

For s = 0 (electron-to-total pressure ratio):

1. Hartmann number effect — higher M reduces velocities and temperature, shifting peaks to region-I.

2. Hall parameter effect — increasing m raises velocities, lowers temperature up to m = 2, then increases,
with peaks moving to region-I.

3. Porous parameter effect — alters velocities and temperature differently in regions I and II, with shifts
in peak values.

4. Viscosity and height ratio effects — both increase velocities, shifting peaks, while temperature trends
vary across regions.

5. Conductivity and heat transfer effects — thermal and electrical conductivity influence temperature
distribution and peak shifts, with heat transfer rising with M and m.

For s = 1/2 (electron-to-total pressure ratio):

1. Hartmann number effect — higher M reduces primary velocity but first increases, then decreases
secondary velocity. Temperature drops, with peaks shifting to region-I.

2. Hall parameter effect — increasing m raises both velocities, shifting primary peak to region-I and
secondary peak to region-II. Temperature declines, with peaks moving to region-II.

3. Porous and viscosity effects — both influence velocities and temperature differently across regions,
with shifting peak values.

4. A rise in the height ratio modifies the flow speeds, whereas variations in electrical conductivity
significantly influence both velocity and temperature distributions within the two regions.

5. Density and thermal conductivity effects — density reduces velocities, while thermal conductivity
raises temperature, shifting peaks to region-1I. Heat transfer rises with M and m.

Hence, from the above individual results, here’s a comparative interpretation of how each parameter
behaves when the electron-to-total pressure ratio changes from s = 0 to s = 1/2:

Hartmann number:

At s = 0: Stronger magnetic fields slow the flow due to Lorentz force dominance, reducing both
velocity and temperature. Peaks shift toward region 1. Joule heating exists but is outweighed by the magnetic
damping.

At s = 1/2: The primary velocity still decreases with stronger magnetic fields, but the secondary
velocity first increases (due to altered cross-flow currents) before eventually decreasing. Temperature drops in
both velocity components, with primary peaks shifting to region I and secondary peaks to region II.

Comparison: For s=1/2, the secondary velocity shows a non-monotonic response to M, unlike at
s =0 where both velocities simply decline.
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Hall parameter:

At s = 0: Increasing m weakens magnetic braking, causing velocities to rise and shifting peaks toward
region [. Temperature first falls (better heat removal) until about m =~ 2, then rises due to reduced cooling
efficiency.

At s = 1/2: Both primary and secondary velocities increase with m. The primary peak moves to region
I, but the secondary peak shifts to region II. Temperature drops steadily, with heat transport concentrating in
region II.

Comparison: At s =0, temperature has a ‘minimum-maximum trend’ with m, whereas at s=1/2,
the drop is ‘monotonic’. Secondary velocity shifts are also more pronounced at s=17/2.

Porous parameter:

At s = 0: Changes in wall permeability can either increase or reduce velocities depending on region,
altering peak positions for both velocity and temperature.

At s = 1/2: Similar competing effects occur, but the influence is more region-dependent, with stronger
interactions between wall drag and momentum redistribution.

Comparison: The qualitative effect is similar for both cases, but s=17/2 shows ‘greater spatial
variation’ in the response.

Viscosity and height ratio:

At s = 0: Higher viscosity or changes in height ratio generally increase velocities and shift peaks;
temperature response varies by region.

At s = 1/2: Viscosity effects are still strong, but geometric constraints from height ratio changes
significantly alter the distribution of primary and secondary flows.

Comparison: Both show velocity shifts, but at s =17/2, the geometry-viscosity interaction is ‘more
dominant’ in redistributing flow.

Electrical conductivity:

At s = 0: Higher o changes current paths and Joule heating, modifying flow and increasing heat transfer
in combination with M and m.

At s = 1/2: Electrical conductivity strongly affects both velocity and temperature, redistributing energy
more effectively between regions.

Comparison: At s=1/2, electrical conductivity has a ‘more uniform and pronounced’ influence on
overall energy distribution.

Thermal conductivity and density:

At s = 0: Higher Thermal conductivity smoothes temperature gradients; density effects are less
emphasized.

At s = 1/2: Higher Thermal conductivity raises overall temperature and moves peaks to region II;
higher density reduces velocities significantly.

Comparison: Thermal conductivity has a stronger role in s =17/ 2, and density effects are explicitly
important there but not highlighted for s=0.

Limitations of the current work

This work provides useful understanding of how Hall currents and wall porosity affect transient MHD
two-fluid heat transfer flow of ionized gases in a horizontal straight channel bounding two permeable plates.
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However, it has some constraints. The study focuses on an idealized parallel-plate setup with a constant
pressure gradient and assumes smooth, fully developed flow, leaving out possible complexities like turbulence,
three-dimensional flow effects, or non-uniform magnetic fields. The use of the regular perturbation method
limits the results to situations with small parameter changes, meaning strongly nonlinear or extreme cases are
not captured. The analysis also assumes fixed material properties and simplified boundary conditions, without
accounting for temperature-dependent variations often present in real applications. Moreover, only two
1onization scenarios—no ionization and half ionization—are examined, so the behavior under full or variable
ionization remains unknown. Addressing these gaps in future research through more realistic geometries,
broader parameter ranges, advanced numerical modeling, and experimental validation could make the findings
more applicable to engineering practice.

Use of software

In this study, Mathcad and MS Excel are used to plot graphs that illustrate the results and trends of key
governing parameters. These visualizations help in interpreting the physical significance of the findings,
showing how variations in parameters affect flow behavior and heat transfer characteristics.

Future scope of the problem

o The future scope involves extending the study of unsteady magneto hydrodynamic two-fluid flows of
ionized gases with heat transfer in a horizontal channel between two parallel plates, influenced by a
uniform transverse magnetic field and Hall effects in a rotating system.

e Also, the same can be extended in the slip flow regime either in parallel or vertical or inclined channel
with or without permeable plates.
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Nomenclature

A],Az,...al,az, .

B B bob } — symbols or functional expressions utilized within the governing equations and their respective solutions.
15D, ...07,0),...

B — magnetic flux density [T
B, —represents a uniform transverse magnetic field applied to the system [A / m]

E.E

» £, — denotes applied electric fields in the x- and z-directions, respectively [V / m]
e — symbol for electric charge [C ]

h  —ratio representing the relative heights of the two fluid regions.

h; — height of the upper channel region (Region-I)

h, —height of the lower channel region (Region-II)

Iy,.1;,:1y,,1., —Non-dimensional current density components along the x- and z-axes for both fluid domains
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J,,J, —current density components in the x- and z-directions, respectively
J - represents the total current density [A / csz
K;,K, — thermal conductivity values for the fluids in Region-1 and Region-II [W /(mK )}
M  — Hartmann number, indicating the influence of the magnetic field on the fluid flow
m — Hall parameter, describing the Hall effect’s contribution to current density distribution [mz /C }
my,m,,m;s ... — additional mathematical symbols or functional expressions considered within the analytical framework
m,, m, —non-dimensional electric field components
Nj,N; — general symbols introduced for mathematical representation as N; =m,, +im_ and N, =m,, +im_,
Nuj, Nu, — heat transfer coefficients at the upper and lower plates, respectively [W / (m2 K )}
P —pressure within the system [ Pa]
p. — pressure due to electrons [ Pa]
Pr — Prandtl number, representing the ratio of momentum diffusivity to thermal diffusivity
q01-902-4911-912 — Application of complex notations for analytical convenience
Dy Gmy  ~ complex expressions for the mean velocity profiles [m / s]
s — = pe/ p (ratio of electron pressure to the total fluid pressure)
t —time
T —temperature
T,,, T,, — constanttemperatures maintained at the boundaries (plates)
U;, U, —symbols adopted for simplification in equations as U, = q,/qml LU, = qg/qmz
ij, Uiz — complex conjugate of the associated variables U;, U,
u;, u, — primary velocity profiles in the two distinct fluid regions
Upy, Uy, — MeAN values of the primary velocity distributions in both fluid regions

Uy (J’)’ Up2 ()’)
”11()’)#412 (J’)

)4
Wi, Wy
Wm, ’Wn’lz

G01-902

Gj15072,027, 022
€

p
Po

— steady-state primary velocity distributions within the two fluid domains
— time-dependent (transient) components of primary velocity in the two regions
- [_aphfj : characteristic velocity scale
X PV
— secondary velocity profiles in the two fluid regions
— mean values of the secondary velocity distributions in both regions
— steady-state secondary velocity profiles in the two fluid domains
— time-dependent (transient) secondary velocity components in the two regions
— spatial coordinate variables

— ratio of dynamic viscosities of the two fluids
—porous parameter characterizing the medium’s permeability
— ratio of thermal conductivities between the two fluids

— dynamic viscosities of the respective fluids [Pa s]

— ratio of electrical conductivities between the two fluid regions

— modified electrical conductivities aligned parallel and normal to the electric field direction
— electrical conductivities of the fluids in the two domains [S / m]

— adjusted conductivities in directions parallel and perpendicular to the electric field

— amplitude, typically representing a small constant value, & << 1) [m / s]

— ratio of fluid densities in the two regions

— free charge density within the fluid system [C / sz
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p;, P, — densities of the individual fluid regions [kg / sz

0;, 6, —non-dimensional temperature distribution in the two fluids

6y; ( y), 09> ( y) — temperature distributions under steady-state conditions in both regions [K ]

0;; ( y), 0,, ( y) — temperature distributions in the transient (time-dependent) state within both fluid domains

Appendix

T, T, —mean collision time between electrons and ions or neutral particles

® —non-dimensional frequency of oscillation in the system [Hz]
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