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In this study, we demonstrate the application of Laplace and finite Hankel transforms to obtain closed form 
solutions for the temperature and velocity profiles of a system governed by fractional differential equations. These 
equations model heat transfer through natural convection of a particular engine oil (EO) containing molybdenum 
disulphide and graphene oxide (MoS2 + GO) hybrid nano-composites within an oscillating vertical cylinder (OVC). 
Several figures are presented to depict the influence of the Prandtl number and the fractional derivative order on 
the temperature profile and the Nusselt number.  
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1. Introduction 

 
 The process of heat exchange among bodies through the movement of fluid currents is referred to as 
convective heat transfer [1]. Numerous studies have investigated energy transfer resulting from convection in 
cylindrical geometries, as demonstrated in previous works [2-5]. EO is utilized as a lubricant inside engines of 
various types of machinery [6-9]. Also, EO minimizes friction and wear of the engine’s internal moving parts. 
By forming a thin layer of pressurized lubricant that fills the tiny gaps between various engine components, it 
prevents rough metal-to-metal contact. Furthermore, EO also helps regulate the engine’s temperature by 
dissipating the heat generated during combustion.  Another vital function of oil is to keep the engine clean by 
removing accumulated dirt and debris. This keeps corrosion at bay and improves the fuel efficiency of the 
machines, ensuring optimal performance. The natural convection heat transfer (NCHT) of an incompressible 
viscous EO in an OVC can be represented by [10]: 
 

  ( ) ( ) ( ), , , , ,t rr r
1 1r t r t r t 0 r 1 t 0

Pr r
 θ = θ + θ < 
 

 (1.1) 

 

  ( ) ( ) ( ) ( ), , ,  ,t rr r
1u r t u r t u r t Gr r t
r

= + + θ , (1.2) 

 
with the initial and boundary conditions  
 
  ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , , , , , , , exp , tr 0 0 1 t 1 u r 0 0 u r 0 0 u 1 t H t i tθ = θ = = = = ω  (1.3) 
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 In reference [11], the researchers employed EO as the base fluid and incorporated molybdenum 
disulphide (MoS2 + GO) hybrid nano-composites into the EO. Their findings indicated that the Maxwell hybrid 
nanofluid (GO + MoS2 + EO) improved the heat transfer rate by as much as 23.17%.  
Consequently, the NCHT of GO-MoS2 EO within an OVC can be represented by the following model 
 

  ( ) ( ) ( ), , , ,2
t rr r

b 1r t r t r t
Pr r

 θ = θ + θ 
 

 (1.4) 

 

  ( ) ( ) ( ) ( ) ( ) ( ) ,  , , ,  ,   , , 0 t 0 tt rr r 1 1 t
1b u r t b u r t u r t u r t b Gr r t b Gr r t
r

+ λ = + + θ + λθ  (1.5) 

 
with the initial conditions (1.3). Here, λ  is the Maxwell fluid parameter, whereas 0b ,  1b  and 2b  are 
coefficients that depend on the properties of the EO. 
Fractional calculus, along with its applications across numerous scientific and engineering disciplines, is presently 
considered a vital area of mathematics [12-22]. The exploration and advancement of fractional partial differential 
equations (FPDEs) have garnered heightened attention, as these equations can more precisely represent a range of 
physical and chemical phenomena compared to conventional integer-order differential equations [12-15].In this paper, 
we investigate the NCHT of GO-MoS2 EO within an OVC, which is modeled using the aforementioned FPDEs 
 

  ,   ,c 2
0 t rr r

b 1D 0 1
Pr r

α  θ = θ + θ < α< 
 

 (1.6) 

 

      , ,  , c c c
0 0 t 0 0 t rr r 1 1 0 t

1b D u b D u u u b Gr b Gr D 0 1 1 2
r

γ β α+ λ = + + θ + λ θ < γ < < β<  (1.7) 

 
with the conditions (1.3), where ,c

0 tDρθ  is the fractional derivative of Caputo type of  θ with respect to t  
defined by [16]  
 

  ( ) ( ) ( ) [ ] ( )  , .
t

m 1 mc
0 t

a

1D f t t u f u du m 1 m
m

−ρ−ρ = − − < ρ <
Γ − ρ   (1.8) 

 
 Integral transforms such as Laplace, Fourier, Hankel, Finite Fourier and Finite Hankel have been 
successfully used for about two centuries in solving numerous problems in engineering science, applied 
mathematics, and mathematical physics. The integral transform technique enables us to remove partial 
derivatives from the considered equations to obtain an algebraic equation in the transformed domain. 
Therefore, Laplace and finite Hankel transforms will be utilized for solving Eq.(1.6) and Eq.(1.7). 
This is how the remainder of the paper is structured: 
Section 2 provides examples of certain fundamental fractional calculus definitions and theorems. 
Sections 3 and 4, respectively, examine the solutions to Eq.(1.6) and Eq.(1.7).  
 
2. Fundamental definitions  
 
Definition 1 [22]. The Mittag-Leffler function (MLF) with one parameter ( )E zα  is defined as  
 

  ( ) ( )  .
Г  

k

a
k 0

xE x
ak 1

∞

=
=

+  (2.1) 
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Also, the two parameters MLF ( ),  E zα β is given by 
 

  ( ) ( ),   , 
Г  

k

a b
k 0

xE x
ak b

∞

=
=

+  (2.2) 

 
and the three parameters MLF ( ),  E zγ

α β is defined as 
 

  ( ) ( )
( ) ( ),

 Г  
  .
Г  Г   !

k

a b
k 0

x k
E x

ak b k

∞
δ

=

δ +
=

+ δ  (2.3) 

 
Definition 2 [23]. For , 0 r a≤ ≤ the finite Hankel transform of order zero (FHT) of ( )f r  is  
 

  ( ){ } ( ) ( ) ( )    ,
a

0 0 n 0 n
0

f r f r r J r r f r dr= =   (2.4) 

 
( )0J z  represents the Bessel function of the first kind of order zero, while nr  denote zeros of ( ) .0 nJ a r 0=  

 
Definition 3 [23]. For , 0 r a≤ ≤ the inverse FHT of ( )0 nf r  can be formulated as 
 

  ( ){ } ( ) ( ) ( )
( )

 
  . 

 
0 n1

0 0 n 0 n2 2
1 nn 1

J r r2f r f r f r
a J a r

∞
−

=

= =    (2.5) 

 
Definition 4 [24]. The lower incomplete gamma function ( ),  s xϒ  can be represented by 
 

  ( ) ( ) ( ) ( ) ( ),
   ,       .

  

k
s x s x

1 s 1
k 0

xs x x Г s e x Г s e E x
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∞
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=
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Lemma 1 [23]. The FHT of ( )df r1 d r
r dr dr

   
  
   

 is given by 

 

  ( ) ( ) ( ) ( )      .2
0 n 0 n n 1 n

df r1 d r r f r a r f a J a r
r dr dr

    = − +  
   

  (2.7) 

 
Lemma 2 [22]. The Laplace transform (LT) of the Caputo derivative (2.8) is  
 
  ( ){ } ( ){ } ( ) ( )' , .c 1 2

0 tL D f t s L f t s f 0 s f 0 0 2ρ ρ ρ− ρ−= − + < ρ <  (2.8) 

 
  ( ){ } ( ){ } ( ) , .c 1

0 tL D f t s L f t s f 0 0 1ρ ρ ρ−= − < ρ <  (2.9) 
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Lemma 3 [22].  
 

  ( )
( )
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 (2.12) 

 
Lemma 4 [25-26]. The integrations of two functions are illustrated 
 

  ( ) ( ) .  d    ,  , 
t

x t xt 1

0

1 e e x 1 xt−τβ − −βτ τ = ϒ β +  (2.13) 

 

  ( )( ) ( )( ) ( ) 
,  .         . 

t
1

2
0

2 E a t du Г 1 t E atα β+β α
α α β+τ − − τ = β + −  (2.14) 

 
3. Exact solution for the temperature of the fluid 
 
 Applying the FHT (2.4) to Eq.(1.6) and utilizing Eq.(2.7), we get 
 

  ( ) ( ) ( ) ( )( ), ,   , . c 22
0 t n n n n 1 n

bD r t r r t r J r 1 t
Pr

αθ = − θ + θ  (3.1) 

 
Since ( ), ,1 t 1θ =  we get 
 

  ( ) ( ) ( )( ),   , .c 22
0 t n n n n 1 n

bD r t r r t r J r
Pr

αθ = − θ +  (3.2) 

 
Apply the LT to Eq.(3.1), to get 
 

  ( ) ( ) ( ) ( ) , ,    ,    .1 22 2
n n n n n 1 n

b b 1s L r t s r 0 r L r t r J r
Pr Pr s

α α− −
   θ − θ = θ +     (3.3) 

 
Since ( ), ,nr 0 0θ =  we get 
 

  ( ) ( ) ( )
r

 ,    ,    .
p

22 2
n n n n 1 n

b b 1s L r t r L r t r J r
Pr s

α −
   θ = θ +     (3.4) 

 
Solving Eq.(3.4) for ( ) , ,nL r t θ  we obtain 
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Applying inverse LT to Eq.(3.5) and utilizing Eq.(2.11), we get 
 

  ( ) ( ) 
,   . 

2
1 n 2 n

n
n

J r b rr t 1 E t
r Pr

α
α

  
θ = − −      

 (3.6) 

 
By applying the inverse FHT Eq.(2.5) to Eq.(3.6), we get 
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 (3.7) 

 
The mathematical formula for Nusselt number is given by [11] 
 

  ( ),
      .

2
2 n

n 1r 1

r t b rNU 2 E t
r Pr

∞
α

α
==

  ∂θ 
=− = −    ∂   

  (3.8) 

 
 Figure 1a illustrates that with increasing time, the temperature profile increases. Due to fractional 
approach, the point temperature is influenced by the historical temperature profile, leading to potentially faster 
changes with increasing the fractional order α and the radius r as shown in Fig.1b.  
 

a) b)

Fig.1. Plot of the ( ),r tθ  Eq.(3.7): a) when . ,  ,  20 8 Pr 1 b 1α = = =  at various values of t , 
  b) when , .2Pr b 1 t 0 8= = =  at different values of α . 
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c) 

Fig.1 cont. Plot of the ( ),r tθ  Eq.(3.7): c) when , .2t b 1 0 8= = α =  at various values of Pr. 
 
 Figure 1c shows that with increasing the Prandtl number Pr  the temperature profile decreases as the 
high Prandtl number fluids lead to a thin thermal boundary layer and a sharp temperature gradient. 
 

a) b)

 
Fig.2. Plot of the NU  Eq.(3.8): a) when , 2b 1 Pr 1= =  at various values of α , 

  b) when , .2b 1 0 8= α =  at various values of Pr . 
 
 Figure 2a illustrates that with decreasing α  the Nusselt number increases as the lower α values often 
correspond to less complex diffusion behavior and more effective convective heat transfer, approaching 
classical heat transfer scenarios where the Nusselt number is higher. During the initial stages of heat transfer, 
the temperature gradients are steep, leading to a higher Nusselt number. And as the system reaches thermal 
equilibrium, the Nusselt number may decrease as the temperature gradients diminish. Also the Prandtl number 
affects how quickly the system reaches thermal equilibrium, thus indirectly influencing the time-dependent 
behavior of the Nusselt number as obtained in Fig.2b. 
 
4. Exact solution for the velocity of the fluid   
 
 Applying the FHT (2.4) to Eq.(1.7) and utilizing Eq.(2.7), we obtain 
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Using the condition ( ) ( ) ( ) ,  ,u 1 t H t exp i t= ω we obtain 
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Apply the LT to Eq.(4.2), to get 
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Since ( ) ( ) ( ), , , , , ,n n t nr 0 0 u r 0 0 u r 0 0θ = = = we get 
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Solving Eq.(4.4) for ( ) ,nL u r t    and utilizing Eq.(3.5) , we get 
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The application of the inverse LT to Eq.(4.5), in conjunction with Lemma 3, yields 
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Utilizing Lemma 4, we get  
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By applying inverse FHT Eq.(2.5) to Eq.(37), we obtain 
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For  0λ = , the solution ( ),u r t  is  
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a) b)

 
Fig.3. Plot of the velocity profile Eq.(4.9) when , 0 1 2b b b 1= = = ω = and: 

a)  , .Pr Gr 2 0 5= = α = γ = at different times, 
                    b) , .Pr 2 t 0 8= = and .0 5α = γ = at various values of Gr . 
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c) d)

 
Fig.3 cont. Plot of the velocity profile Eq.(4.9) when , 0 1 2b b b 1= = = ω = and: 

    c)  , .Gr 2 t 0 8= =  and .0 5α = γ = at various values of Pr ,  
d)  , .Pr Gr 2 t 0 8= = = and 1γ = at various values of α . 

 
a) b)

 
c) 

 
Fig.4. Plot of the velocity profile Eq.(4.8) when ,0 1 2b b b 1= = =  and:  

a) ,  ,  , . , .Pr 1 Gr 2 1 0 75 1 5= = ω = α = γ = β = , .0 6λ =  at various of times,  
b) ,  ,  , . , .Pr 1 Gr 2 1 0 75 1 5= = ω = α = γ = β = , t 2= at various values of λ , 
c) , , . , . , .  Pr 2 1 0 75 1 5 0 4= ω = α = γ = β = λ = and t 2= at various values of Gr . 
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 For 0λ = , we can see that: the velocity profile increases with increasing the time t  (see Fig.3a). An 
increase in Gr corresponds to a rise in the velocity profile (see Fig.3b) due to the growing of the relative 
influence of buoyancy forces. With decreasing Pr, the velocity profile increases (see Fig.3c) as lowering 
Prandtl number means that thermal diffusivity is higher relative to momentum diffusivity. Figure 3d 
demonstrates that the velocity profile rises in conjunction with an increase in α . 
 For 0λ ≠  we can notice that: the velocity profile increases with increasing the time t  (see Fig.4a) 
more than that happened before in Fig.3a. Figure 4b illustrates that with increasing the Maxwell fluid parameter 
λ  the velocity profiles increase due to the increasing in elastic response and longer relaxation time. Also, the 
velocity profile increases with increasing Gr , but the velocity profile decreases when r  approaches to 1 due 
to boundary effects or constraints in the system that limit the fluid’s velocity near the edges or boundaries (see 
Fig.4c).Through our study of the model in fractional form, we obtain results that are more advanced than those 
obtained previously, and through comparison with non-fractal alpha values in certain cases, we were able to 
obtain the same values previously observed in [11].  
 
5. Conclusions  
 
 To obtain the exact solutions for the fractional systems Eq.(1.6) and Eq.(1.7) under the boundary 
conditions specified in Eq.(1.3), Laplace and finite Hankel transforms are applied. The derived formulas for 
the temperature profile, Nusselt number, and velocity profile allow for the determination of all interrelations 
among the factors in both the absence and presence of MoS2 + GO hybrid nanocomposites. 
 
Nomenclature 
 
 ,, 0 1 2b b b  – coefficients  

 ( )E zα  – ML function 

 ( ),E zα β  – the two parameters ML function 

 ( ),E zγ
α β  – the three parameters ML function 

 FHT – finite Hankel transform 
 Gr  – Grashof number 
 ( )H t  – unit step function 

 LT – Laplace transform 
 OVC – oscillating vertical cylinder 
 Pr  – fluid Prandtl number 
 r  – radial coordinate 
 T  – time 
 u  – fluid velocity 
 θ  – fluid temperature 
 λ  – Maxwell fluid parameter 
 ω  – oscillation frequency 
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