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In solid mechanics, there are various applications of non-local theories in wave propagation, size effects, surface
effects, and understanding interactions of composite materials. There are certain parameters associated with rigid
bodies like stress, angular speed, and displacement which show variation with changes in temperature, thickness,
density, and media. This study focuses on the evaluation of stresses, angular speed, and displacement that occur in
elastic thin rotating discs. The use of local theories only investigates the effect of stress at a point that occurred due
to strain at the same point. However using the non-local approach, the variation in the stresses at distant points in
a material can be analyzed. This would be a significant work to understand the microstructural material
characteristics. Hence this study focuses on providing a more accurate stress model for non-local thin rotating discs.
The developed model for rubber, copper, and aluminum material discs is tested, to investigate the above parameters
in non-local media. Further, the graphical analysis of angular speed, stresses, and displacement have been shown

separately by taking thickness parameter as k =0 and k # 0 in non-local media.
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1. Introduction

The concept of non-local elasticity, introduced by Eringen in 1970, revolutionized classical elasticity
theory by acknowledging that the stress at a given point in a material is influenced not only by the strain at that
specific location but also by the strains at surrounding points. This departure from the classical local elasticity
theory has far-reaching implications, particularly in materials with microstructures, defects, or heterogeneous
properties, where traditional assumptions of localized interactions may not fully capture the behavior of the
material [1-4]. Non-local elasticity offers a more accurate representation of stress propagation, especially in cases
where distant interactions play a crucial role in the material's overall behavior.

One of the key advantages of non-local elasticity is its ability to describe lattice dispersion of elastic
waves in materials with periodic structures, such as crystals. In these materials, wave propagation can be affected
by interactions with the lattice, leading to phenomena like wave attenuation and dispersion. Traditional models,
which assume localized interactions, fail to account for these long-range effects, whereas non-local elasticity
incorporates them, offering deeper insights into wave propagation characteristics [5]. Similarly, in composite
materials, where multiple phases with different mechanical properties coexist, non-local elasticity enhances the
understanding of how stress and strain are transmitted across phase interfaces, which, in turn, influences the
overall mechanical response and wave propagation properties of the material [6].

Beyond wave propagation, non-local elasticity also plays a significant role in the study of dislocations
and fractures in materials. In crystalline materials, dislocations represent defects that disrupt the periodicity of
the lattice and affect the material's mechanical properties. Non-local elasticity extends the classical theory by
considering how stresses around dislocations propagate over greater distances, leading to more accurate
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predictions of dislocation motion and crack tip stress, which is particularly valuable in materials with complex
microstructures or at small length scales [3, 7]. The concept has been applied to describe phenomena in fluid
interfaces, where surface tension effects are influenced by the curvature and gradient of the interface over a
range of distances, offering a more comprehensive understanding of interfacial behavior [4, 6].

The applicability of non-local elasticity is particularly notable in the analysis of thermo-elastic
problems, where thermal and mechanical loading interact within a material. In these problems, the behavior of
materials can be significantly affected by defects, such as cracks, which modify the temperature and stress
distribution. Non-local effects can play an important role in improving predictions of how thermal and
mechanical fields interact, which is essential for designing materials and structures that operate under extreme
conditions [2]. The study of thermo-elastic problems in solids, particularly those involving crack propagation
and field distributions under thermal and mechanical loading, has long been a topic of significant interest in
both theoretical and applied mechanics. Analytical approaches, such as normal mode analysis, have proven to
be effective in understanding the complex interplay between thermal and elastic waves in the presence of
defects like cracks [33].

A study explores the normal displacement, temperature, normal force stress, and tangential couple
stress in a microstretch elastic solid subjected to a magnetic field, gravitational effects, and initial stress. The
distributions of these factors are illustrated graphically. Furthermore, the paper compares the temperature,
stresses, and displacements by analyzing the differences among three theories of wave propagation in a semi-
infinite microstretch elastic solid under different scenarios. The classical theory of elasticity does not fully
capture the behavior of many modern synthetic materials, such as elastomers and polymers, including
polymethyl methacrylate (Perspex), polyethylene, and polyvinyl chloride. Instead, the linear theory of micro-
polar elasticity offers a more accurate model for these materials. When considering ultrasonic waves, which
involve high-frequency vibrations and small wavelengths, the microstructure of the material becomes a
significant factor. This microstructural effect leads to the creation of new wave types that are not accounted
for by traditional elasticity theory. Materials like metals, polymers, composites, concrete, rocks, and other
solids all contain microstructures that influence their mechanical properties. Most natural and man-made
materials, whether biological, geological, or engineered, exhibit microstructures that play a crucial role in
determining their behavior [34].

This is particularly relevant for functionally graded materials (FGMs), which are designed to exhibit
spatially varying material properties (e.g., thermal conductivity and elasticity). FGMs are increasingly used in
aerospace, electronics, and energy systems due to their ability to withstand significant thermal and mechanical
stresses, where traditional homogeneous materials might fail. Understanding photo-thermal-elastic interactions
in FGMs is critical for optimizing their performance in real-world applications, especially under conditions of
light absorption and thermal radiation, which can significantly influence the material’s thermal and mechanical
behavior [35].

The non-homogeneous nature of FGMs complicates their response to external thermal loads. Since
material properties vary gradually across the structure, the interaction between thermal, elastic, and photo-
thermal effects results in non-uniform distributions of temperature and stress. Non-local elasticity, when
applied to FGMs, takes into account the long-range interactions that can modify these distributions, particularly
when subjected to thermal gradients or high-intensity light irradiation. By incorporating these non-local
effects, researchers have been able to explore how heat generated by external light sources or thermal loads
affects the elastic response of FGMs, ensuring more accurate predictions of material performance in extreme
conditions [35]. This approach also highlights the importance of controlling the non-homogeneity of the
material to mitigate stress concentrations and improve the material’s resilience under varying thermal and
mechanical loads.

Mahdy et al. [36] investigated a one-dimensional problem involving a cylindrical cavity within an
elastic semiconductor medium, subjected to a magnetic field and fractional heat order. The medium was
modeled as linear, homogeneous, and isotropic, with initial stress. Thermal conductivity was treated as a
variable, following a linear temperature dependence. The Laplace transform method was used to analyze the
physical fields under a thermal ramp heating condition. The theoretical results aligned well with the physical
properties of the elastic medium. Key factors such as the novel thermo-energy coupling parameter, magnetic
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field, variable thermal conductivity, and fractional heat order were found to have a significant impact on the
physical distributions examined. The study concluded that the normal conductivity model offers a more
realistic representation compared to the fractional heat order model. Furthermore, the temperature-dependent
linear variation of thermal conductivity plays a critical role in understanding the physical characteristics of
semiconductor materials. Even slight changes in the models for thermal conductivity, magnetic field, and
fractional heat order can result in substantial differences in the behavior of thermal-elastic-plasma wave
propagation velocity.

Integrating transition theory in thermo-elastic analysis

Another important theoretical framework that has been integrated with non-local elasticity is transition
theory, particularly in the study of materials subjected to load and temperature gradients. Transition theory,
which focuses on finding asymptotic solutions to governing equations at critical transition points, has been
used to analyze creep deformation, stress-strain behavior, and displacement components in materials ranging
from isotropic to orthotropic [8-16]. This theory has been especially useful in understanding the deformation
of rotating discs and other structural components where stress distributions change with rotational speed and
material properties. The application of transition theory to these problems has provided valuable insights into
the behavior of materials under complex thermo-mechanical loading, expanding the applicability of non-local
elasticity in practical engineering problems [17].

Transition theory has also been applied to hyperbolic deformable bodies, such as radially symmetric
discs under pressure, where material deformation is influenced by both internal and external forces. Studies on
rotating discs, made from isotropic materials, have focused on the distribution of stress and strain, with
particular attention to the transition from elastic to plastic deformation as the material undergoes increasing
stress [18, 19]. Research has shown that Seth’s transition theory can be applied to more general problems
without requiring assumptions like yield conditions or incompressibility, which are typically needed in
classical elasticity models [9, 10, 20, 21-24]. By using asymptotic solutions and generalized strain measures,
this theory has facilitated the resolution of various thermo-mechanical problems and contributed to a better
understanding of how materials respond to loading and thermal gradients.

The intersection of transition theory, non-local elasticity, and thermo-elastic analysis offers a powerful
framework for understanding the complex behavior of materials under extreme conditions. To study the nature
of stress, strain & displacement components, etc. occurring in rotating discs made of elastic, plastic, composite,
or functionally graded materials, this integrated approach provides a more comprehensive view of how stress,
strain, and thermal effects interact, particularly in materials with microstructures, defects, or heterogeneous
properties [34]. The combination of these theories enhances our ability to design and optimize materials for
high-performance applications in aerospace, electronics, and energy systems, where advanced materials must
withstand a range of thermal, mechanical, and electromagnetic loading conditions.

Seth [25] defines the generalized strain measure as follows:

oA

. 1-2e¢ Taet =L 1-(1=2¢1)2 , (i=1,2,3). (1.1)
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where ef represents the components of Almansi finite strain, and 'n' denotes the measure. It yields the
Cauchy, Green Hencky, Swainger, and Almansi measures for n=-2,—-1,0,1, and 2, respectively.

The evaluation of stresses, angular speed, and displacement components of a rotating isotropic disc in
non-local media has been done by considering the variation in thickness along the radial direction using the
following relation:
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-k
h=h, G) . (1.2)

Where 4, is the thickness at » =b and k is the thickness parameter. The results have been presented both
graphically and quantitatively.

2. Geometrical interpretation of mathematical model

While constituting the model we consider a stiff shaft supports a thin disc that has an exterior radius
of b and an interior radius of a. The disc passes through the center and spins at an ® (angular speed)
perpendicular to its surface. The disc has symmetric thickness variation along the radial direction and is in a

state of plane stress condition (7., =0). Here © is the temperature assumed at the center of the bore.

LL) ® (Angular speed)

Shaft s

Fig.1. Mathematical model.
The disc under investigation in this study has varying thicknesses and is exposed to a field of temperature
gradient. There is no external mechanical load applied on the exterior of the disc. The boundary conditions

specified for the defined model are as follows:

T.=0 at r=b,

rr

Q2.1

u=0 at r=a,
where u denotes the displacement component and 7,,. denotes stress in a radial direction.
3. Problem statement
By using the cylindrical polar coordinates, Seth [25] has provided the displacement components:

u=r(1-B), v=0, w=dz. (3.1

Where Bzf(r),(r =\x?+)’ ) only and d is a constant.

The components of strain are described using cylinder polar coordinates [25, 26]:



P. Ailawalia et al. 5

o E%—é(g—ﬁ:ﬂ’-("ﬁ'wf}

2
A ow I{ow 1 2
e, =———| — =-— I— ]_d 5
“ oz 2(82) 2[ ( )]
3.2)
e;% = eéi =el =0,
2
4 _u us 1 2
=57 =l
where B’zZ—B and the superscript A indicates that it refers to the Almansi strain.
r

Substituting the values of strain components from equation (3.2) in (1.1) the components of strain in a
generalized form are described as:

e =] 1-(B+B)'].
€o0 =£[1—B”], (3.3)
e. :ﬂz—(z—d)”},

and

A _ A _ A _
€9 =€, =€ _0’

For thermo-elastic isotropic materials, the stress-strain relationship is provided by [27]:

T =A8; 1, + 2ue,; —£08,,(i,j =1,2,3). (3.4)

Where I, =e¢,, is the first strain invariant, §= 0((37L + ZLL) ,and O is the temperature. Further, ® has to satisfy
[25]

2 2
Ve =0, d®+id®sii(r@j:0 °_4
ar’  ra? rdar\l dr dr r
Which has the solution
O =4, (logr+4,). (3.5)

where 4, and A4, are constants of integration and can determined from the boundary condition.
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®:®0, at

The temperature that satisfies relation (3.5), along with the boundary conditions, can be determined as follows:
r=a,

®=0, at r=b,

where ®, is constant.
Use boundary conditions to obtain 4; and 4, :
4, -9 and A4, =-logb.

a
log—
&

Substituting 4; and 4, in relation (3.5), we get

Equation (3.4) for this problem becomes:

,,,,_27\‘—“[6”+669]+2H€W—ﬂ,
(A+2p) (A+2p)
2A1 2uE@
=———|e,,. tegg |+ 2legg ———, 3.6
00 (k+2u)[ o+ €ap | + 2Hegg (n+ 20) (3.6)
TrezTez:Tzr:Tzzzo'
The strain components derived in terms of stresses are as follows:
u I(ouY 1 a2l I-C
= _ = =20 7- + }:_ T.. —| —— |Tog |+ 00O,
= 2(&) 2[ (rB"+B) E{ " (2—0) 99}
ow I(owY 1 2 (1-C
=— | — | ==|1-(I-d) |=————Z|T.. + Ty | + 00O,
e, 9% 2[82} 2|: ( ) :| E(Z—C)[ r 69]
3.7
€ro =C; =€ =0,

2
u u 1

1 1-C
o =————=—| 1-B° |==| Tpg —| —— |T + 00,
00 B 2}"2 2|: B:| E|: 00 (2—Cj rrj|
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3N+2
where E and C expressed in terms of Lames constants, as £ :u and C = 21 , o= 5 .
(kﬂl) (k+2u) E(2—C)

Substituting the strain components given by equation (3.3) in (3.6), we get:

B 21 o Rt (9 n @
Trr_n(l_czvz)l} 2€ B{I €-(2=C)u+h +2MBn H’

T;"GZTez:Tzr:Tzzzoﬂ (3.8)
2u \ .  nCE®

Tog =————|3-2C-B"{2-C—(1-C)(I+P)" + .

. n(1—gzvz){ { (1=¢) 2 H

Using the value of local stress tensor in terms of non-local stress tensor [28]

T =(1-8°V7)1,.

All equilibrium equations are met except for [26]:

%(rhTrr)—hTee +po’r’h=0. (3.9)
Where p represents the density of the material of the rotating disc.

Use equation (3.8) in (3.9), to obtain a non-linear differential equation in [ as:

n-1 AP _ nrhk’

N npw’r? _ nC&o,
dB  2uh ’

_ (n+1)
(2 C)nB P(P+1) u o

(1-8V)s, (3.10)

where @, =0, /1og% and B’=pP [20-25] and B depends on 7.

4. Identification of the solution

To determine the transition stresses in a rotating disc, define the transition function ( @) (see Seths and

Hulsurkar [10, 11, 12, 25, 29], Gupta [9, 21, 22], Thakur [23, 24, 30]) at the critical point (transition point)
that is P — too, for the elastic state.

q):i[Tee —c§®]:{(3—2(7)—5"{2—C+(1—C)(1+P)"}—%} 4.1)

erti—cvarspyt s pend?
4(1og9) o 2-C+(I-C)(I+P) {1+P+Bdﬁ} | )
dr r 3—20—3"{2—C+(1—c)(1+P)"}—@
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dP . S . .
After substituting the value of B from equation (3.10) in (4.2) and considering P — too and then integrating,

we obtained:

B]VV_]
_ , 4.3
== (4.3)

1- . . .
where v = and B; is a constant of integration.

Using the value of 4 from equation (1.2) in (4.1) and subsequently in equation (4.2), we have

r
v+l —k CEO,log-—-
nBrh b . (4.4)

”(I—CZVZ) hy (I—szz)log%

Tog =

Substituting the value of @ given by equation (4.3) in (3.9) using relation and then integrating, we get

2“ B[rv+k+1b_k p(DZrZ sz—k

b n(1-47V7) oy (3-k)(1-5°V7) ' by (1-V767) ’

r 4.5)
CtO,log—
5 0 Ogb CEO,

(]—CZVZ)log% ) (]—CZVZ)logZ‘

+

Where, B, is the constant of integration.
Substituting the values from equations (4.3) and (4.4) in the second equation of relation (3.7), we get:

r
2V(1—C2V2) p(J)ZI"Z ~ sz—k N (XE®0(2_C)+ 2(2—C)OLE®0 logg

B=|I- I~k
E 3=k hyr log (1-C)log}

, (4.6)

where C§=0E(2-C).

Again, substituting the value of 1, from equations (4.5) in equation (3.1), we obtain:

r
2(1-8V?)| g2 Bp* are,(2-C) 2(2-C)aEO,log,
- + +

E 3-k horj_k

4.7

u=r—r |I-

a a
log 1-C)log?
%% (1=C)log;,

2u(3-20C)

(2-C)

The Young's modulus in terms of compressibility factor is defined as £ = . Using the relations

(4.4) and (4.6) in the boundary conditions given by (2.1) we obtain,



P. Ailawalia et al. 9

B po’ nviyb* (b3_k —a’* ) . 0E@ynv(2-C)(b—a) oaEOyna

T o Goe (-0) (=c)” (49
Zulog%b(z_c) up>=9)
o’k 2- 2(2-
2:p0)a fl£+OCE®0( C)a+ ( IC)gE(B(,a. 4.9)
= 1) (i-0)
b
Using relations (4.7) and (4.8) in equations (4.3), (4.4), and (4.6) respectively, we get:
pmzvrk(bs—k _aj_k)(i’jv
Tgg = —
P (1-0V)(3-k)r \b
oa” (1-0) (1-) (4.10)
0EO,(2-C)| %) 2a (1)(2—0)+(1—C)(b—a)(1j(2—0)
(]_CZVZ) log% (2-C)rib r(2—C)log% b
2 2 v _
T, = pw’r — I:(b3—k_a3—k)(£j _r3—k+as—k}r 0E®,(2-C) %
’”(3_1‘)(1_C v ) b (I—CZVZ)log%
(1-C) e 4.11)
X log£+g—]+(b_a)(£j(2_c) + 2050, (2-C) 2_2(1)2—0 )
b r r b ([_C)(]_§2V2) r r\b
2l 1-2v2\| ow? (3% — 3F B B
] =) pe’(r 7 - ke, (2-C)(r-a) |
E (3_k)”1_k rlogg
b
1 (4.12)
2
2(2-C)oE®, |8, 4
and
k v
por 3~k _ 3k (rj 3k 3k
T, — Tog| = I1=v)(b"" —a —| =r " +a |+
K RTETy W){( \ ) }
—C -C (4.13)
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From equation (4.13), it is evident that |‘CW —‘cee| [10, 25, 29] is highest at the inner surface (at » =a) which

results in yielding to take place at its inner surface. Further, equation (4.13) can be represented by the following
relation:

p® ( 3 k) a
|Trr_169|r =a - 2 1k
(3-k)(1-8V ) b
(1 C] (4.14)
b- 2(2-C v
ocEGZ)(,Z ( a)( jzc + ( )2 [Zj =Y (say).
(I—VC) alog— b 1-C 1-C\b
b
The angular speed required for initial yielding is expressed as [21-23]:
Q’ =_poo,-2b2
i Y ’
‘(I—VZCZ)(S’—k)abz (b)v
_‘(]_v)(bj—k_a3—k)ak a
1 (4.15)

,3(2-0)(a£0,) 1=

and

where,

pw; =

(3—k)ay (1- gvk))(j

(1= (b -

N (3—k)a(X.E®0 (éjv b—a (gjv+2(2—C)_ 2 (z)v
1-v)d" (> —a**)\a alb I-c  1-Cc\b) |’

( ) a log
b

Take (C —0) in equation (4.13) the value of stress difference in a fully plastic state is given as follows:

2 (3.3-k 3-k

‘ po” (b7 —a E©, | (b- .

[T = Tool,, = ( 292 )1—k+ - 202 ( a)_z(ﬁj =Y (say).
‘2(3—k)(1—§ v3)ph (1-02V?) blog”
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Further, Q required for the same state is given by [21-23]:

2,2
o2 _payb
B Y* ?
Cw2r2\( 2 p\p3k ;-4
QZ_P(I V) (3-k)b ‘_ 60E®, b 2a “.16)
f“ (b3—k_a3—k) ‘ 3 a b )
A
b _
where
Q /Y* 23-k)p"* . -
O)fz—f — and pm?:% (I—szz)Y —OLEGO b-a _2_61
b \p (b —a ) blog b
b
We are introducing the above components in non-dimensional form:
2,2
r a Trr Tee u E(X@O 2 p(l)b Y
=—, =—, Grr:—, O =—, U:—’ @ =, Q =, H:—
= P vy’ Py b Ty Y E

Components of transition stresses, Q and U from equation (4.10), (4.11), (4.15), and (4.12) in non-
dimensional form become:

-1
1-0 )™ | (2-C)o, | (1-C)(1-0,)e™  logo _ 20, %

B-0)(1-¢V?) | (1-¢V7)]  (2-Clogg,  loggy 2-C

Ogg =

_ Q" 3k\ v 3k 3k
" (3—k)(] C2V2)|:( ) )(p —¢ +@ :|+
-C I-C] (4.18)
22-0)0, | & ¢ N (2-C)o, log(p+&—]+(1_(p0)(p?
(I-O)(1-CV?)| R @ (1-8V?)loge, ® ® |
292\, I-v-k 1 7]
Q?:‘(#k)(l—CV )0 Us(z—c)@] 1—<p0+2(2—c)(pﬁ_ 2 ol @19
’ ‘ (1-v)(1-¢i™*) ‘ | 1-9j |lge, 1-C " I
Q?:M
i y ’

and
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2 k—1
U=¢9-9 I—2vH(1—z;2V2) e ((;p_k) % )+

1
+(2—C)(‘P—(Po)®1 +2(2—C)®1 { log@ _&} ?
®log g, (1-C) |logg, o
The expressions for Q, 649, 6,,, and U for the fully plastic state (C — 0) , are obtained from equations(4.16),
(4.17), (4.18) and (4.20) respectively as follows:

(4.20)

2 3-k\
o QF (1-¢;7" o .20, {log(p L 1-9 _&} @21)
2(3-k)o(1-02V?)  (1-0°?) [logey  2{loge, o
Q2 ¢k
f 3k 3-k , 3k
o, = 1-@) \/6‘@ T | T
(3—k)(1—§2V2)[( ) }
(4.22)
49, Qo D 20, P 1=
+ = logo—1+— .
(1- §2V2){q> Jo (1—§2V2)1og<p0 ® J@
pr ot ((p3—k_ (pg—k)
NN P 292 5
U=¢ (p{l H(I CV) F +
, (4.23)
2 _ 2
+ 0, (¢ (P())+4®1[ logo _@j ’
¢log @, logg, ¢
2g2
2 _‘2(3_k)(1_§ v )‘_| 60, J1-0 _
Qf - 3—k 3 20 ( s (4.24)
1=y ‘ ‘1_([)() log @,
At {#0, the transitional stresses given by equations (4.17)-(4.20) (taking C # 0 ) become
-1
2 (1 3-k\ k-1 e -1
o - o(1-0i " )o™ | (2-0)e,| (1-C)(1-9))0™C 100 _ 29, | 425
(B3-K0)(1-¢V?) | (1-¢V’)|  (2-C)loggy  logg, 2-C
Q/¢"” 3k 3k 3k
= ’ I=0) " )" =@ " +op " |+
(3—k)(I—Z;ZV2)[( ) J
e e (4.26)
+ 2(2-€)e, Po_Po g2 |y (2-9)6, log(p+&—1+—(1_(p0)(pﬁ,
(1-O)(1-¢V) @ @ (1-8°V? ) log e, ® ®
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1-v—k 1
Qg_‘(3 (=)ol ™| J3(a- C)®1 1=9y ,22-C) e _ 20, @27
ey [ e e e T
02¢k! 3—k
l(‘p ¢ -0y
U:(p—(p{1—2vH(]—§2V2) ((3_k) )+
; (4.28)
+(2_C)((P—(P0)®1+2(2_C)®1{10g(P _ﬁ} :
plogg, (1-C) |loggy o
5. Particular case
At {=0and C#0, the transitional stresses given by equation (4.17) reduce to:
2 3-k\ v+k—1 —
Qv 1=y o™ 1-C)(1-¢,)9?C —
Goo = (=o”) +(2-C)0, U=O=)97C  logo _ 20 poc | sy
(3-k) (2-C)logo, logp, 2-C
Q/¢*! 3k 3k 3—k:| 2(2-C)0;| 9y @y e
: - - + + - =C |+
rr (3—k) |:( (p0 )(p ¢ (pO (]—C) ® ©
e (5.2)
2-C)0 P
( ) 1 10g(p+(P0 1+( (p0)(P2_C ,
log g, ® 9
. 1
Qz_‘ (3_k)(P(]) g ‘_|3(2_C)®1 1_(P0+2(2_C) c__ 2 (5.3)
i = Ea 3 N7 G ||5 .
e | me Loee " e T
Qo (07 -0i") (2-C)(p-0,)0
U=¢-¢{l-2vH ( a ) ( )(0—9y) I,
(3-k) olog@,
(5.4)

2(2-0)0, [ 1ogp ¢, |]|2
o) {bg% <PH}’

U and Q for the fully plastic state (when — 0) are derived from the relations given by (4.21)-(4.24)

Ogg> O
as:

rrs

Q7 (1-9)" )¢* loge . I1-9, @

- +20, Nk
Ogo = 2(3- k\/— {log(po 2\/_10g(Po \/6}

(5.5)
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2 k-1
90 [(1—q>3")ﬁ—<p3k+¢3k}+4®1{@—&}+
(3-#) o o 56)
+ 28 bg¢—1+92+£:92,
log @, ¢ \/6
> |2(3-k)] |60, [1-9
Qf:| : 3_k|_| 2L : 02, L, (5.7)
1= \ 1-¢p |logo,
Q2o (¢ F — k) 5 ® (0
U=¢—-o |I-H|— ( ’ )+ (@ (p0)+4®] logo @ (| (5.8)
3-k plog, logg, ¢

6. Numerical illustration and discussion

For the analysis of angular velocity, stress, and displacement, consider the following parameters;
Poisson's ratio (V) =(.33 for aluminum, 0.428 for gold, 0.33 for copper, 0.5 for rubber, compressibility factor

C is 0.00,0.25,0.5, ratio 520.5 and 2, initial temperature ®,=0F and 700F, thermal expansion

oE®,

coefficient o=5x70""F (for methyl methacrylate). Parameter © = , resulting in values

0,0.0125,0.25 for H :éz 0.5,2 and ®, =0F , 700F respectively [15, 31, 32]. Curves in Figures 2 and 3

represent the comparison of initial yielding angular speed Ql-z and fully plastic angular speed fo w.r.t radii

ratios v=0.5, 0.333, 0.428 , at k=0, I different temperature values (G) ;=0,0.0125,0.25 ) for both local and

non-local media respectively.
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Fig.2. Angular velocity (Q)vs radii ratio (R) in initial yielding (k=0,1).



P. Ailawalia et al. 15

From Fig.2, it can be seen that, in the presence of thickness parameter i.e. & =/, a rotating disc made of non-
compressible material(rubber) required maximum angular velocity to yield at the inner surface of the disc as
compared to those made of compressible materials (copper, gold, and aluminum) in the non-local media, which
leads to the safer design. However, Fig.3, reveals the reverse pattern in the case of angular velocity in the fully
plastic state. Moreover, in the absence of the thickness parameter, k£ =0, both have the same values in local
and non-local media. Figure 4, shows the variation of circumferential stresses Gg¢ with radii ratio. It can be
seen that circumferential stresses are high at the outer surface of the disc in non-local media for k£ =0,/ under
temperature conditions for compressible and non-compressible material. However, from Fig.5, it can be seen
that, radial stresses are high at the internal surface of the disc under temperature variation for non-local media
for both k£ =0, 1, with minimum value of radial stresses at the outer surface of the disc for local and non-local

media. Fig. 6, shows the comparison of displacement and radius of both the media under temperature and
thickness variation. The displacement is negligible at the internal surface. This result is valid for every value
of L or V except {=1 and V=1.
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&—v=0.428571,k=0,01=0.0125,7=0,V=1 #—v=0.428571,k=1,081=0.0125,2=1,V=0

Fig.3. Angular velocity () vs radii ratio (R) in the fully plastic state (k=0,1).

3 5
]
@ 25 u 4
i g
a3 2 b
2 £
8 15 g
E $ 2
3 E
£ 1 3
o 2
\“ 4 3
05 i PR—- &
By " ) S n
0 = = |
01 02 03 04 05 06 07 08 08 1
01 02 03 04 05 06 07 . 0.
05 1 s
Radii ratio Radit ratio
——v=05, k=0,81=0,=0,V=1 ——v=05,k=1,01=0,{=1,V=0
—8-v= 0333 k=0,81=0.25,0=0,7=1 —m-v=0333,k= 1,81=0.25=1,7=0
+—v=0.428571 k=0,81=0.0125,7=0,V=1 4 v=0.428571,k=1,81=0.0125,1=1,V=0

Fig.4. Stress (circumferential G4q ) vs. radii ratio R(k =0,1).
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Fig.6. Displacement u vs. Radii ratio R(k=0,1).

7. Conclusion

The results are calculated for both local and non-local media in the absence and presence of thickness
parameter & , and it can be seen that rotating discs made of non-compressible materials like rubber require a
higher value of angular velocity to yield at the inner surface compared to those made of compressible materials
like copper and aluminum. As the radii ratio increases, Q also increases. However, thickness variation results
in lesser value of Q to deform at the inner surface as compared to non-compressible material for local and
non-local media. Thermal effects have also reduced the value of angular speed, however, results reverse when
variations in thickness take place. It is also analyzed that radial stress ,,. for non-compressible material has
shown a maximum value at the inner surface as compared to compressible material in non-local media, while
the value of radial stress in local media is higher as compared to non-local media. The displacement of
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compressible material with an increase in radius ratio towards the external radii as compared to non-
compressible material for both media.

Nomenclature

A;,A, — constants of integration
B;,B, —constants of integration
b,a — disc's external and internal radii
C — compressibility
k  —thickness parameter
r,z,0 —radial, axial and circumferential direction

;j»€; — stress and strain rate tensor

j
u,w,v — displacement components

Y —yield stress
o — coefficient of thermal expansion

8, —Kronecker's delta function
® —temperature

0, - (aE®,)/YorY"
v — Poisson ratio
p — density of material

G,. - radial stress component (T,,./Y)
Ggg — circumferential stress component (Tgg /Y ),
T; —non-local stress tensor

{ - parameter of non-local media

2,2

o’ - % (speed factor); @ =r/b and @y =a/b

® — angular velocity of rotation
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