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INERTIA EFFECTS IN A MULTILOBE CONICAL BEARING
LUBRICATED WITH A COUPLE STRESS FLUID
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In this paper, a multilobe conical bearing is analyzed. A lubricant modelled by a couple stress fluid flows in
the bearing clearance . The Galerkin method is used to determine the mechanical parameters of multilobe journal
bearings. An example of a two-lobe conical bearing is discussed in detail. The inertia of the flowing lubricant is
taken into account in the analysis. It has been found that the increase of the couple stress generates an increase
the pressure in the clearance.
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1. Introduction

Many researchers have investigated the steady laminar flows of a Newtonian fluid in a clearance of a
bearing with nonporous surfaces. The bearing walls were modelled as two conical or spherical surfaces, two
disks and two cylindrical surfaces (for journal bearings). In a general case, the bearings are modeled by two
surfaces of revolution [1-4].

With the development of modern machine elements the use of complex fluids as lubricants has
become of great interest. They also reduce the coefficient of friction and increase the temperature range in
which the bearing can operate.

The development of physico-chemistry has led to the introduction of new lubricants which enhance
the conditions of the bearing operation and its performance. The mono and multigrade lubricants used in
present-day tribological applications are blended with additives which are polymeric in nature. This blending
results in a deviation of lubricant rheology from Newtonian to non-Newtonian.

The study of multi-component oils has included such models as: micropolar fluids [5], couple-stress
fluids [2-4, 6], viscoplastic fluids [7, 8] and pseudoplastic fluids [9-12].

A more general list of the rheological models of modern lubricants can be found in the works [3, 4].

In recent years, the increase in the ratio of the transmitted power to the mass of rotating mechanisms
has led to a reduction of the bearings size and increased rotational speed of the bearings. It is convenient to
use conical bearings to increase the mechanical performance of the machines. In this group, multilobe
conical bearings stand out for their stable dynamic characteristics [13-18].

In this paper, the Galerkin method was applied to solve the Reynolds equation for the multilobe
conical bearing. In this analysis, the inertia effects of the flowing lubricant in the bearing clearance were
considered. The lubricant was modelled as a couple-stress fluid.

* To whom correspondence should be addressed
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2. Analysis of a lubricant flow in a bearing clearance

Figure 1 shows the bearing configuration. The surface of the bearing shaft is described by the
function:

R(%)=Z%sina, 2.1

which denotes its radius. Let the shaft spin at angular speed ®, the bearing thickness is described by the
function hA=nh ()%, 8) .Let M denotes the geometrical parameter of the thickness defined by the relation

M= hy (2.2)

where £, is the minimum thickness of the bearing clearance, but 4, is the maximum thickness of the

bearing clearance.
Denoting by y the arc span of the lobe one can express the bearing clearance in the following form

h=hyH(M,y,9). (2.3)
Note that there are the following relations:
—for =0
H(M,y,0)=1 and h=hy,, 2.4)
—for 9=y
H(M )= ! and h=h _ Jin (2.5)
V)= Ve .

Fig.1. Geometry of a multilobe conical bearing.
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For a multilobe conical bearing we can express the thickness of the bearing clearance in the following form

M-19
h=hy,M=hy, | | ——— 2.6
e (1-4512) 20
where
sz_Eg, sz_n 2.7)
M vy N

where N denotes the number of the bearing lobes.
The Reynolds equation — for the curvilinear thrust bearing — with inertia effects for the lubricant
modelled by a couple stress fluid has the form [1-4]

] 8 3 Op 3 2 1 8 25173
9 R (LN | - o0 SRR B g (1 1) |+
R&fc{ /1 )afc} 10" RﬁA[ g(1.h)]
1 0 oh (2-8)
+—| 1P (1,1 L | = 6po
R2[ /1 )as} Ho%e
where
2 3
I / h
Lhy=1-12| | +24[ L] th| 2],
rn=r-12(5) 23] ol 5)
2.9)
AN W h
Lh)=1+40| =] || Z |-,
g(L.h) (h){ (21} 31}
and
1
,z(n]z’ r=, (2.10)
u dx

here p is the shear viscosity (otherwise called Newtonian dynamic viscosity), 1 is the additional viscosity
associated with the presence of the couple stress.

. . . . .
The practical values of the relation 7 are contained in the interval

0<—<0.2.
h

This assumption allows us to assume approximate values for the function f(/,h) and g(/,h)

1Y a0(1Y
f(l,h)~]—12(zj : g(l,h)~]—?(z) : @11

taking into account relations (2.2), (2.5) and (2.7) we may write
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*2 *2
f(l,h)z]—[Zﬁ, g(l,h)z1—4—01— r=L (2.12)

Introducing the following notations

R R +R R R +R —
8=_l, Ra: 0+ l:_0(1+8), C: o+ 1:] 8,
R, 2 2 2R, I+¢
6uOR;
n=SL A0 pl P R (i),
R, i, A
P (2.13)
o 2R R, +R I[ R _ 1 pohy
R,-R R -R C\R, ) 20 p
2 . *
sinz(x:—g , i:smai, le—
&2+ o8  R,C ox M
and taking into account relations (2.12) we may express Eq.(2.8) in the following form
ﬂi[(gﬁz)(m —12[3217)6—13}—L(@H1)i (Go+ 1) (H7+
QZ +}\‘2 ox ox CZ +7L2 ox
(2.14)
40 0 3 P GP} 2 0H
——BH ||+—|(H - 12p°H | — |=(Cx+ 1) —
3l3 ﬂ 88{( g )88 (G ) 03

where [ is the inertia parameter, x is a new variable contained in the interval <—1,+1> .

3. Solution to the Reynolds equation

A solution to Eq.(2.14) will be searched — using the Galerkin method — in the form of a product [3, 4, 18]
P=£,(9)/ () a1

where the function f (x) takes the following form
f(x)= 2 Cuton () (32)
m=1

but P, (9) is the solution to the simplified form of Eq.(2.14)

o/ 3 , \oP,| oH
(-8 =22, 33
as{( P )ag} 09 3-3)

describing the pressure distribution in the cylindrical bearing.
Integrating Eq.(3.3) we may obtain



Inertia effects in a multilobe conical bearing... 443

d9 (34

where H' is the lubricant film thickness when the pressure P, (8) reaches the maximum values.

To determine H~ we assume that 2, (y)=0 [3]; then

3.5)

. !( 12[311)'
(1)

( — 128 H)

Taking into account relationships (3.1) and (3.2) we will search for the solution to Eq.(2.14) in the following
form [3, 4, 18]

9> Cotn (%), (3.6)
m=1

which must satisfy the following equation

v
!)'J'{Cf;x:;z aax{ Cx+ 1)( ~12B H)(Z:

I I__I

_g;f;f (§x+1)§{(§x+1)2(H3——[3 ﬂ 3.7)
+%[(H3—12B2H)2—§}}Pw(9) fi(x)dex:l{i{(C_,x 1)22—@19@( ) f; (x)d 9dx

Calculating the integrals in Eq.(3.7) we get

n 2
zcm m1+GS( XZ Z m mt +ZCmDm1J:(1+LG[JE (38)

A~ &2 +07
where
Am,.=+J']fm(x)f,.(x)dx, B T(Cerl)df'ZbEx)fi(x)dx,
: : (3.9)
D J]](Qx+1)2 d2§:2( )f,(x)dx, T(Cer]) f; (x)dx,
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but the coefficients Gy and G, are given by the relationships

T(H3 ~1287H)[ P, (8)] a9

GS wa P
jﬂpw (9)d9
09
0
K 40
j[fﬁ BZHJPOO (9)d9
G] =0
toH
[ERACLE
) 09

(3.10)

(3.11)

The unknown coefficients C,, depend on the form of functions f; (x) approximating the pressure

distribution along the conical bearing generatrix; when we assume the trigonometric form for f; (x)

fi(x)= COS( 2k2— 1 m)

we obtain — using Eq.(3.9) — the following relationships

0 i#=m 0 i#m
A, = for »  B,=y ¢ for ,

0 i#=m

Dml: C_,2+3 C for ’
- a +_ =
3 5 i=m
ml 2 2 2

sz(—l) _|I]__2]€ +1}

am am

where
2m—1

a, = T

Inserting relationships (3.13) into formulae (3.8) we may determine the coefficients C,

C

and then

g +3 a 2187 mil 2 2
m{]_cz+}L2?G9J:(]+WGIJ(_I) 1;{[1—5%2”}

(3.12)

(3.13)

(3.14)

(3.15)
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2187 mil 2 2
(1+ oY G,](—]) Iaml(]_a,ijcz +1}

C, = o . (3.16)

2’ 3

9

The pressure distribution in the bearing clearance can be determined by applying Eqs (2.14), (3.1) and (3.16).
4. Mechanical parameters of a multilobe conical bearing

To determine the mechanical parameters of the bearing, let us consider the conical tapered roller
bearing shown in Fig.1. The geometrical parameters of this bearing are defined by the following
relationships

H=1-0a3, azM_], \Vzﬁ. 4.1
My N
The solution to relationships (3.4), (3.5), (3.10) and (3.11) can be presented as follows
3 J—
M —1+12p° M” =1
H*=M2 ; T (4.2)
R e a—
4
B g3 71— 2 g4
Pw(g)zi I—H+12521 A | 121 +12|321 A (4.3)
all H 3H° 2H? 4H’
G\%
Gy =—(57 (4.4)
Gy
G\
GI :W. (45)
Gy

The formulae that determine the coefficients GES), Gj(v‘?), GEI) and Gj(é) are given in the Appendix.

Figure 2 shows the plots of the lubricant film thickness H * versus the coefficient of the lobe taper
M for different values of couple stress I

From the plots depicted in Fig.2 it can be concluded that the increase of the couple stress (1* > 0)
generates the decrease of the parameter H : compared to the Newtonian fluid (Z = 0) . We can observe that

the value of the parameter H * decreases with an increasing value of the coefficient of the lobe taper M .
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Fig.2. Dimensionless bearing thickness H" versus M for different values of couple stress
I"=0,0.05,0.075;0.1.

Figure 3 shows the pressure distribution P, (9) for the two-lobe bearing (N =2) and for the
coefficient of the lobe taper M =2; 3;4;5 and different values of couple stress I = 0;0.05,0.075;0.1 .

A
BC(S) ------- 1*=0.1 -
- 1#=0.075 ,;,"’- S M=5
254 ------ 1#=0.05 i -
[*=0  (Newtonian fluid) 7 ;
M=4
2.0 1 g
\ M=3
154
P M=2
1.0 1 L
0.5 ) i RS E S
0 1/4n 1/2n 3/4n T 9

Fig.3. Dimensionless pressure P, (8) for the two-lobe bearing and for M =2;3;4;5 and for different
values of couple stress I = 0;0.05;0.075;0.1.

From Fig.3 it can be concluded that the values of the pressure P, (9) increase with the increases of the
couple stress (l* > 0) compared to the Newtonian fluid (l* = 0) . The values of the pressure P, (8) increase

also with the increase of the parameter M .
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Fig.4. Plots of the parameter Gg versus M for I =0;0.05,0.075;0.1 where I<M <5.

Figures 4 and 5 show the plots of the parameters Gy and G, , respectively, versus the coefficient of

the lobe taper (1 <M <5 ) for different values of the parameter / .

Gl
0 T T T T T T T >
2.0 25 3.0 35 4.0 4.5 5.0 M
-1.0 1
-2.0 4
-3.0 1
------- - =0
i St *=0.075
SR #=0.05
] *=0 (Newtonian fluid)
5.0 4
-6.0 1

Fig.5. Plots of the parameter G; versus M for I =0;0.05;0.075;0.1 where I<M <35.

From Figs 4 and 5 it can be concluded that the values of the coefficients Gy and G; increase with
the increase of the parameter M . The values of the coefficients Gy and G; also increase with the increase

of the couple stress I compared to the Newtonian fluid / F=0.
Having the values of the coefficients Gg and G; one may find the formulae for the mechanical

parameters of the bearing from the following relationships [3]:
— the bearing axial load
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here
4 n
Pi=NgR;C, Wuo=N[P,(8)d9, K,=D K, 4.7)
0 m=1
and

217 2
;(1+ Czlsz G,Jﬂl—az]gz +1}

K, = I ; (4.8)

2’ 3

9

— the friction torque

T, =Tyl + T, (I, - 1;)K 4, (4.9)
where
R} 3poR)
Ty=—ot(1=g*),  T,=—"F"0(1-g)(I+e) (4.10)
4hy, sina 16hy, sino
Tl L1
I, =N£Ed8, I, =NH !Fds. @.11)

The values of both the magnitudes depend on the number of the bearing lobes.
5. Conclusions

In this paper, the inertia effects of the couple stress lubrication flowing in the multilobe conical

bearing were analysed. After the analyses, the value of the parameter H * was calculated. The parameter H *
is the lubricant film thickness when the pressure P, (8) attains its maximum. The graphical distribution of

parameter H * shows that its values decrease with the increase of the parameter M . The increase of couple
stress reduces also the value of the parameter H : (compared to the Newtonian fluid / f=0 ).

The graphical interpretation of the pressure distribution P, (8) shows that its values increase with
the increase of the parameter M being the coefficient of the lobe taper. The values of the pressure increase
also with the increase of the parameter I". The values of the parameters Gg and G; increase with the
increase of the values of the parameter M , the values of these coefficients increase also with the increase of
the couple stress I compared to the Newtonian fluid I =0.
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6. Appendix

The formula for GES) has the form

2 2 2
1 28 2 8B

(9) 1 1 1 2
Gy == —=- + -
o [\ 12 gm?* 3Mm° 2m? 3

M4

1

M3
1

2 2

+ﬁ_16ﬁ +4[321ni +H*[—i !
M2 M M

5[32 N 5[32 B 2132 B 8[32
2 2m?* M M M

2
9B +2MpB? +6B° I

i)

| 3 1,1 9t 37
16 16M* 4m? 4 4Mm?

The formula for GE]) has the form

o1

J’_ — —
12 4Mm* 3Mm° 2Mm7

+

1

+—+

M

+ —ilni—sszlni.
M2 4 M M

2 2
i _M4+1+1132M3+1+B (20M _1)+80[34—28[32M—80M3B4+

L — 2

a am? 3M3 3m?

3
+

3M? M
The formula for Gj(\j) = G](\p has the form

(n__1
M oM

+H" (M= 1) (14+2M (M2 +2M +3))+2M1nﬁ}.

Nomenclature
f(1,h) — function given by formula (2.9),
f (Z*,h) — function given by formula (2.12),
g(,h) — function given by formula (2.9),

g(l*,h) — function given by formula (2.12),
h  — gap thickness

h,, —minimal gap thickness

3M?

4 2 2 2
M 1 3R 3 -M

2\2/2 (arctanhW]MB —arctanh 2—\/]§Bj +H {
108 208", pgppopt 4 AL [h{i—12ﬁ2j—1“("’252)m'
6 M?

sm?

12

¥ =g —[2(1\4 —1-4p? + 6MP? — 2M°B7 ) +
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hy, —maximal gap thickness
M — coefficient of the lobe taper
N —number of the bearing lobes
P, — parameter of the axial load carrying capacity
p —pressure
R —radius of the shaft
— averaged radius of the shaft
W, - axial load carrying capacity of the bearing
W,. —dimensionless axial load without annular flow
x,9,y — orthogonal curvilinear coordinate system
¢ — bearing taper
€ —relative radial length of the bearing
L —relative axial length of the bearing
y —arc span of a lobe of the bearing
o — angular velocity
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