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The present study investigates the combined effects of varying viscosity and heat transfer on a Casson fluid
through an inclined porous axisymmetric tube in the presence of slip effects. The modeled governing equations
are solved analytically by considering the long wavelength and small Reynolds number approximations. The
numerical integration is employed to obtain pressure rise and frictional force. A parametric analysis has been
presented to study the effects of the Darcy number, angle of inclination, varying viscosity, velocity slip, thermal
slip, yield stress, amplitude ratio, Prandtl number and Eckert number on the pressure rise, pressure gradient,
streamlines, frictional force and temperature. The study reveals that an increase in the angle of inclination and
viscosity parameter has a proportional increase in the pressure rise. Also, an increase in the porosity causes a
significant reduction in the pressure rise.
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1. Introduction

The study of flow through a porous medium has acquired a considerable interest of researchers in
recent time due to its applications in understanding various mechanisms in lungs, gallbladder, blood vessel
movement, etc. In the human body, a large part of the muscle is a porous structure. These structures are
essential to supply the nutrients to every cell, and their proper functioning mainly depends upon the blood
flowing through them. In such situations, the presence of slip on the boundary due to the porosity of the wall
plays an essential role in inspecting the flow of blood in arteries. Thus, slip effects are more articulated for
fluids moving through geometries which have flexible property, like blood vessels. The experimental
investigations on blood flow revealed the significance of slip at the porous walls. Specifically, peristaltic
movement of blood through a tube can be modeled better by taking slip and porosity into account. The
preliminary investigation on peristaltic transport was initially carried out by Latham [1]. Subsequently, many
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researchers have carried out theoretical and experimental studies on peristaltic transport by taking different
geometries and assumptions (Burns and Parkes [2]; Shapiro et al. [3]; Rajashekhar et al. [4]). Early literature
on the peristaltic mechanism suggests that the study on the porosity of the wall has not been given much
importance it deserves. Taking this fact into consideration, the first attempt was made by Elshehawey et al.
[5]. Later, Elshehawey and Husseny [6] studied peristaltic transport through a porous medium bounded by
two porous plates. Vajravelu et al. [7] used the Phan-Thein-Tanner fluid to study the peristaltic movement.
The study on MHD Couette flow of a Jeffery fluid in a porous medium was investigated by Sreenadh et al.
[8]. Sankad and Nagathan [9] carried out the studies on peristaltic transport of a couple stress fluid under the
influence of slip and heat transfer in a porous medium. Recently, Ellahi ef al. [10], investigated peristaltic
transport of a nanofluid by considering entropy generation and porous medium. Most of the studies on
peristaltic transport are carried out by taking Newtonian or non-Newtonian approach. This approach may be
sufficient to understand the urine flow through the ureter and flow of blood in large arteries where shear rate
is high, but it fails to explain the complex rheological behavior of blood in narrow arteries where the shear
rates are low. Studies on a non-Newtonian nature of blood flow have been of most importance to researchers
in recent years due to their application in investigating the behavior of blood in narrow arteries. Casson fluid
is one of such non-Newtonian fluids which exhibits yield stress and is adequate for the description of the
flowing blood when the shear rates are low. Blair [11] observed that at low shear rates, the Casson model
was more accurate in predicting the physiological behaviors of blood. Thus, numerous researchers studied of
the Casson model under different physiological fluids (Nagarani [12]; Vajravelu et al. [13]; Prasad et al.
[14]; Vajravelu et al. [15]). Apart from the Casson model, the Herschel-Bulkley model also includes yield
stress and studies concerning the use of the model on peristaltic transport were reported in the studies of
(Chaturani and Narasimhan [16]; Manjunatha et al. [17]; Manjunatha and Rajashekhar [18]).

The above mentioned studies do not explain the heat transfer effects on peristaltic transport. The
study of heat transfer effects along with slip conditions on peristalsis has attracted attention of researchers
due to the extensive application in the field of biofluid mechanics, chemical engineering, and medicine.
Several researchers examined the interaction between peristalsis and heat transfer in different geometries
with and without slip conditions. By considering the elastic nature of the tube Radhakrishnamacharya and
Srinivasulu [19] explored peristaltic transport with the effects of heat transfer. Later, Srinivas and
Kothandapani [20] investigated the impact of heat transfer for peristaltic transport in an asymmetric channel.
Nadeem and Akbar [21] analyzed the effects of different rheological parameters on the pressure rise,
frictional force, and temperature. Vajravelu et al. [22] examined the effects of heat transfer and permeability
of the tube on peristaltic transport by using a Jeffery model. Subsequently, numerous researchers
investigated the effect of heat transfer on peristaltic transport in different geometries (Vajravelu et al. [23];
Ramesh and Devakar [24]; Hayat et al. [25]; Ebaid et al. [26]; Vaidya et al. [27]; Devaki et al. [28]).

Most of the investigations on peristaltic transport have been done by taking the viscosity of the fluid
to be. This supposition fails to give a better understanding of the peristaltic mechanism involved in lymphatic
vessel, intestine, blood flow in small arteries, etc. In these organs viscosity of the fluid varies across the
thickness of the fluid (Hayat and Ali [29]; Lachiheb [30]; Awais et al. [31]). Thus, considering variable
viscosity helps in understanding peristaltic transport of non-Newtonian fluids in the above-mentioned organs.

To the best of authors' knowledge, no attempts have been made in the literature to investigate the
combined effects of slip, heat transfer and inclination on peristaltic transport of a Casson fluid in an
axisymmetric porous tube with variable viscosity. The present investigation is helpful in filling the gap in
this area. The flow is assumed to be steady, fully developed and laminar. The closed-form solutions are
obtained for velocity, flow rate, pressure, streamline, pressure rise and frictional force. Further, the impact of
the amplitude ratio, yield stress, Darcy number, velocity slip parameter, angle of inclination, thermal slip
parameter, viscosity parameter, Eckert number, Prandtl number on pressure, streamline, pressure rise,
frictional force and temperature are presented graphically by using MATLAB.

2. Mathematical formulation

Consider peristaltic transport of an incompressible viscous fluid with effects of variable viscosity,
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slip and heat transfer in an axisymmetric inclined porous tube of radius a (Fig.1) and inclined at an angle

to the horizontal. The wall deformation due to the propagation of an infinite sinusoidal wave with constant
speed ¢ along the walls of the tube is given by the following equation.

h(z,t)=]+ssin{27ﬂ(z—ct)} (2.1)

where € is the amplitude ratio, A is the wavelength, ¢ is the wave speed, ¢ is the time and z is the axial
direction.

Fig.1. Geometrical representation of peristaltic waves.

3. Mathematical modelling and solutions to the problem

The equations of motion and energy in the wave frame of reference, moving with speed ¢, under the
lubrication approach (Nadeem and Akbar [21]) are as follows
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00 100 _,0°0
+—+—+0" —
a? ror o

where u and w are the radial and axial velocities, Re is the Reynolds number, 0 is temperature, o is the
wave number , Pr is the Prandtl number, Ec is the Eckert number, r is the radial coordinate, t,, is the shear

stress in radial coordinates 7, is the shear stress in axial and radial coordinates, T, is the shear stress in

axial coordinate and 7, is the shear stress along radial and axial coordinates.
The following nondimensional variables are introduced:



312 G.Manjunatha, C.Rajashekhar, H.Vaidya and K.V.Prasad

_r _ z — o  _ ) _ T, _  pa
r=—, z=—, t=—, Ty = s T = ’ pP= ?
a A A c c hepy
Ho| — Ho| —
a a
r c T-T
AU N L O iy (3.4)
c k c c T,
2
Ec zc_’ 522’ T, :T—a, Re=pc_a8’ F, “002 (D) :&‘
Ty A " (CJ Ko pga Ko
a

Under the assumption of long wavelength 6 <</ and small Reynolds number (Re = 0), Egs (3.1)-
(3.3) takes the form

10 iy sinB (3.5)
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The constitutive equation for Casson's fluid in the non-dimensional form is given by Blair [11]

2
g_j:_[ ! [@_ﬁﬂ, 2y, G8)

—=0, 1,<71. (3.9)

The corresponding non-dimensional boundary conditions are

h@_w:—ocw’ 6+y@=0 at r=h, (3.10)
or +/Da or

Z—9=0, 1., isfinite at r=0. (3.11)
r

Equation (3.10) corresponds to the velocity and thermal slip conditions, respectively [32]. Further,
Da is the porous parameter (Darcy number), o is the velocity slip parameter, v is the thermal slip parameter

and 0 is the temperature.
The influence of variation in viscosity is chosen in the following form
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wr,z)y=e ", for 0<r<h (3.12)
or
wr,z)=1-o,r, for o;<<I (3.13)

where «; is the viscosity parameter. The choice of o here is reasonable physiologically because a typical
individual or creature of comparable size takes 1-2 L of fluid every day. Additionally, 6-7 L is produced by
the digestive tract as discharges from salivary organs, stomach, pancreas, liver, and the small digestive
system itself. This incorporates the reliance of fluid concentration upon the radial axis, which influences the
viscosity to diminish nearer to the vessel membrane.

Solving Egs (3.5) and (3.6) with the conditions (3.10), (3.11) and (3.13), we obtain

W:P;fl:iz{al(”_h)_40‘1(\/@—\/@)+4 ajrp(tanh_l alr—tanh_l a1h)+
a;

(3.14)
+(1+ oclrp)log(j:Zij}+ a(};ﬁh)(h +7, —\/@)}

where P:_é_p and f=SlnB.
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Using the condition T, =7p at r=r,, the upper limit of the plug flow region is obtained as

r, = 2%. Also, by using the condition t,, =7, at r=h (Bird et al. [33]), we obtain

p=2tn (3.15)
h
Hence,
r
h Th

Using relation (3.16) and taking r =r, in Eq.(3.14), we obtain the plug flow velocity as
P+f| 1 -1 -1
w, = > {?{a](rp —h)y—4a,; (rp —Jhr, )+4 ar, (tanh Jar, —tanh a,h)+
1

11—
+(I+oc1rp)log[ I_CZ;’; j}+ a(};\fgajh) (h +7, —\/@)}.

Using Eq.(3.7) together with the boundary conditions (3.10) and (3.11), we obtain an expression for
the temperature profile as

(3.17)
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Integrating Eqs (3.14) and (3.17) and using the conditions v, =0 at r=0 and y =y, at r =7, , the
stream function for 7, <r <h is given by
\|/=P+J3({R1+ {RZ+0L(oc1h—])[R3+oc1(R4+rpR5)]+
12a; oo h—1) (3.19)
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and the stream function for the plug flow in the region 0 <r <r_  can be written as
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The instantaneous volumetric flow rate in the wave frame is given by
Iy h
0=2 jwprdr+ Iwrdr , (3.21)
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The dimensionless time-averaged flux @ across one wavelength is

I1h 1 2

”r(w—J)arrdz=Q+jh?arz=Q+1+7 (3.24)
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4. Pumping characteristics

The pressure rise (AP ) over one cycle of the wave is given by
1 o
AP =|—dz. 4.1
! ~ (@1

The dimensionless frictional force F at the wall across one wavelength is

o(-2)
F= jh - P iz, (4.2)
0

Z

5. Results and discussion

The present investigation focuses on the effects of various physiological parameters on the pressure

rise (AP), pressure gradient (Z—pj , frictional force (F'), temperature (6) and streamlines (\I’) Because of
4

the complexity of the expression Z—p , the expressions AP and F are not integrable analytically. Thus, these
z

quantities are numerically integrated with Weddle’s rule using MATLAB for different values of
physiological parameters and the results are plotted graphically in Figs 2-10.

Figure 2(i) is plotted to analyze the effects of t on AP . It is observed that with an increase in the
values of 1, AP increases in the pumping region (AP >(0) and it decreases in the augmented region

(AP <0). Also note that for a particular value of t the pressure rise curve for a; =0 lies below the curve
for a;=0.] and the behavior is opposite when t is minimum. The effects of € on AP and @ are

presented in Fig.2(ii). It is noticed from the figure that an increase in the value of € increases AP in the
pumping region. It is also observed that for a particular value of €, AP curve for a; =0./ lies above the

curve for o; =0 and the situation reverses in the case of the augmented region. An increase in the values of
o enhances AP in a porous tube (Fig.3(i)). The effects of B on AP and @ show that AP increases for an
increase in the angle . This observation on [ is in good agreement with the results of Nagarani [12]. Also,
it is observed that the AP curve for o; =0./ lies above the curve for o; =0 and the opposite trend is
noticed in the case of the augmented region (Fig.3(ii)). Figure 4 illustrates the effects of Da on AP and é VIt
is noticed that for an increase in the values of Da, AP decreases in the pumping region. Further, forDa =0,

the AP curve for a; =0.1 lies below the curve for a; =0 and the situation reverses for Da =0.02and 0.04 .

This is mainly because an increase in the values of Da increases the porosity of the wall and thus é

decreases. Thus, from Figs 2-4, one can observe that the pressure curve with variable viscosity always lies
above the cure with constant viscosity. This observation is in concurrence with the results obtained by Hayat
and Ali [29].
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Fig.4. AP versus é for varying Da with 1=0.4,£=0.5,0=0.2, F, =0.land B=mn/4.
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The above discussion regarding the effects of various physiological parameters is qualitative. To
discuss the effects quantitatively, the intervals for é where AP >0, AP<0, F <0 and F >0 are presented
in Tabs 1-5. We observe that as 1 increases the length of the interval for AP >0 decreases (Tab.1). Also, for
t=0.2 the length of the interval is more when o; =0./ than o; =0 and for t=0.4 and 0.6 the opposite

behavior is observed when viscosity increases from 0 to 0.1. The effects of an increase in the values of
¢ and Da decrease the length of the interval for AP >0 and a similar observation is mode when viscosity

increases from 0 to 0.1 (Tabs 2 and 3). The behavior of o and [ is opposite to that of € and Da (Tabs 4 and
5). However, from Tabs 1-5 it is noticed that the impact of T, €, Da, a and § on frictional force shows the
opposite trend as that of the pressure rise.

Table 1. Interval for time averaged flow rate é across one wavelength for different values of t.

Parameter : 1 Interval for é Interval for é Interval for @ Interval for @
when AP >0 when AP <0 when F <0 when F >0

02 | a,;=0 0<0<1.367 | 1.367<0<2 | 0<0<1.788 | 1.788<0<2
o, =01 | 0<0<1402 | 1402<0<2 | 0<0<1.893 | 1.893<0<2

04 | a;=0 0<0<1.268 | 1.268<0<2 | 0<0<1516 | 1.516<0<2
o; =00 | 0<Q<1243 | 1.243<0<2 | 0<0<1450 | 1.450<0<2

0.6 | o;=0 0<0<1.206 | 1.206<0<2 | 0<0<1.346 | 1.346<0<2
o, =01 | 0<0<1.167 | 1.167<0<2 | 0<0<1240 | 1.240<0<2

The other parameters choosen are Da=0.02, a=0.2, =§, e=0.5and F; =0.1.

Table 2. Interval for time averaged flow rate é across one wavelength for different values of ¢.

Parameter : & Interval for é Interval for @ Interval for é Interval for é
when AP >0 when AP <0 when F <0 when F >0

03 | a;=0 0<0<1.304 | 1.304<0<2 | 0<O<1415 | 1.415<0<2
o, =01 | 0<O0<1221 | 1.221<0<2 | 0<0<1.298 | 1.298<0<2

04 | a;=0 0<0<1259 | 1.259<0<2 | 0<0<1419 | 1419<0<2
o, =01 | 0<0<1.201 | 1201<0<2 | 0<0<1.310 | 1.310<0<2

05 | a;=0 0<0<1234 | 1.234<0<2 | 0<0<1423 | 1423<0<2
o; =01 | 0<0<1.198 | 1.198<0<2 | 0<Q<1.327 | 1.327<0<2

The other parameters choosen are Da =0.02, a=0.2, =§, t=0.5and F; =0.1.
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Table 3. Interval for time averaged flow rate é across one wavelength for different values of Da.

Parameter : Da

Interval for Q

Interval for Q

Interval for QO

Interval for QO

when AP >0 when AP <0 when F <0 when F >0

0 | a;=0 0<0<1.137 | 1.137<0<2 | 0<Q<1.155 | 1.155<0<2
o; =01 | 0<Q<1.137 | 1.137<0<2 | 0<Q<1.157 | 1.157<0<2

0.02 | o;=0 0<0<1234 | 1.234<0<2 | 0<0<1423 | 1.423<0<2
o, =01 | 0<0<1.198 | 1.198<0<2 | 0<0<1326 | 1.326<0<2

0.04 | a;=0 0<0<1275 | 1275<0<2 | 0<0<1.534 | 1.534<0<2
o; =01 | 0<0<1.223 | 1.223<0<2 | 0<0<1396 | 1.396<0<2

The other parameters choosen are €=0.5, a=0.2, = g, t=0.5and F; =0.1.

Table 4. Interval for time averaged flow rate é across one wavelength for different values of o .

Parameter : o

Interval for Q

Interval for Q

Interval for QO

Interval for Q

when AP >0 when AP <0 when F <0 when F >0

01 | o;=0 0<0<1.332 | 1.332<0<2 | 0<0<1.690 | 1.690<0<2
o; =01 | 0<0<1.259 | 1.259<0<2 | 0<Q<1494 | 1.494<Q<2

02 | a;=0 0<0<1234 | 1.234<0<2 | 0<Q<1423 | 1423<0<2
o, =01 | 0<0<1.198 | 1.198<0<2 | 0<0<1.326 | 1.326<0<2

03 | a;=0 0<0<1.202 | 1.202<0<2 | 0<0<1.334 | 1.334<0<2
o, =01 | 0<Q<1.178 | 1.178<Q<2 | 0<0<1.270 | 1.270<Q<2

The other parameters choosen are Da =0.02,£=0.5, = g, t=0.5and F; =0.1.

Table 5. Interval for time averaged flow rate @ across one wavelength for different values of f.

Parameter : 3

Interval for Q

Interval for Q

Interval for QO

Interval for QO

when AP >0 when AP <0 when F <0 when F >0

0 | o;=0 | 0<0<1.126 | 1.126<0<2 | 0<Q<1.124 | 1.124<Q<2

o, =01 | 0<0<1.126 | 1.126<0<2 | 0<0<1.124 | 1.124<Q<2

%2 o, =0 | 0<O0<1.165 | 1.165<0<2 | 0<0<1223 | 1.223<0<2
o;=0.1 | 0<Q<1.152 | 1.152<0<2 | 0<Q<1.198 | 1.198<Q<2

neo| =0 0<0<1.202 | 1.202<0<2 | 0<0<1335 | 1335<0<2
o, =01 | 0<Q<1.177 | 1.177<0<2 | 0<0<1.267 | 1.267<0Q<2

% o, =0 | 0<0<1.234 | 1.234<0<2 | 0<0<1423 | 1.423<0<2
o, =01 | 0<Q<1.198 | 1.198<0<2 | 0<Q<1.326 | 1.326<0<2

The other parameters choosen are €=0.5, a =0.2, Da=0.02, t=0.5 and F; =0.1.
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Figure 5 depicts the variation of t and & on the pressure gradient. It is noticed from the figure that
the magnitude of the pressure gradient increases with an increase in the values of © (Fig.5(i)). Also, for

t=0.2 the pressure curve for a; =0./ lies below the curve for o; =0 and the situation reverses when
1=0.4 and 0.6 . A similar effect is observed for the variation of € on pressure (Fig.5(ii)). The effects of
Da and 3 decrease the magnitude of pressure in an inclined axisymmetric porous tube (Fig.6). The influence
of o on pressure shows the opposite behavior as that of Da and B (Fig.7). From Figs 5-7, it is seen that the

maximum pressure gradient occurs when z=0.75 and the minimum pressure gradient exists near the walls
of the tube. This confirms the fact that the fluid flow passes through a conduit comfortably in the middle.
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Fig.6. Pressure gradient versus z for varying (i) Da and (ii) B with 1=0.4,e=0.5,a=0.2 and F;, =0.1.
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Fig.7. Pressure gradient versus z for varying o with 1=0.4,€=0.5,Da=0.02, F, =0./l and B=mn/4.

The variations of F with @ with varying T, €, a and B are plotted in Figs 8 and 9. It is noticed that
an increase in the values of 1, €, a and B decreases the value of the frictional force. A similar behaviour is
observed when the viscosity parameter increases from 0 to 0./. Also, the minimum frictional force is
obtained at @: 0 when 1, ¢, o and f are maximum. Further, the effect of Da on F shows the opposite
behavior as that of 7, €, o and B (See Fig.10).
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- =y = (11 (i) -
20| |y = ()
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Fig.8. F versus é for varying (i) t and (ii) € with Da=0.02, a=0.2, F; =0.land B=m/4.
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Fig.9. F versus @ for varying (i) o and (ii) B with t=0.4,£=0.5,Da=0.02, and F, =0.1.
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Fig.10. F versus é for varying Da with 1=0.4,e=0.5,0=0.2, F; =0.land B=n/4.

Figure 11 depicts the behavior of Tand eon 0. It is observed that an increase in the values of
T and ¢ increases O in an inclined porous tube. Figure 12 illustrates the effect of the variation of o and Da
on 0. From Fig.12(i) it is noticed that an increase in the values of o significantly increases the temperature
(0) . Further, the opposite behavior is observed in the case of Da (Fig.12(ii)). The variation of 3 and y plays
an important role in increasing 0 (Fig.13). Figure 14 illustrates the impact of Pr and Ec on 6. It is seen that
an increase in Pr results in a decrease of 0 (Fig.14(i)). Physiologically, an increase in Pr means a decrease in
k which is responsible for the decrease in 0. Hence, cooling of the heated tube can be improved by
choosing a coolant with a large Pr. Further, similar observations are made for an increase in the values of
Ec (Fig.14(ii)). However, in all the cases 0 increases when viscosity increases from 0 to 0.1. Figures 15
and 16 represent the streamlines for different values of t, €, Da and a.. It is observed that the volume of
tapered bolus increases with an increase in the values of t, € and . Further, the size of tapered bolus
decreases with an increase in the values of Da.
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Fig.11. O versus r for varying (i) tand (ii) € with a=0.2,Ec=0.5,Pr=0.5,y=0.2, Da=0.02, F; =0.1
and B=n/4.
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Fig.12. © versus r for varying (i) o and (ii) Da with t=04,Ec=0.5 Pr=0.5,vy=0.2,6=0.5,
F;=0.1andB=m/4.
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Fig.13. 6 versus r for varying (i) B and (ii) y with Da=0.02,1=0.4,Ec=0.5,Pr=0.5, a=0.2,
e=0.5and F; =0.1.
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Fig.14. © versus r for varying (i) Pr and (ii) Ec with Da=0.02,t1=04,B=n/4,00=0.2,6=0.5,
F,=0.1andy=0.2.

30

(@

-10
04 0.6 0.8 1

Fig.15. Streamlines for (i) t=0.2ande=0.5, (i) t=04ande=0.5, (iii) e€=0.3and t1=0.2, (iv)
€=0.4and 1=0.2 with Da=0.02, 0.=0.2,0;, =0.1,p=n/4 and F; =0.1.
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Fig.16. Streamlines for (i) Da=0and o =0.2, (ii)) Da=0.02 anda=0.2, (iii) o =0.3 and Da =0.02, (iv)
o=0.4 and Da=0.02 with 1=04,e£=0.5,0; =0.1,=n/4 and F; =0.1.

6. Summary and conclusions

The present paper emphasizes the influence of varying viscosity, slip and heat transfer on peristaltic
transport of the Casson fluid in an inclined porous tube. Also, from the current model, one can deduce the
results for a Newtonian fluid in the absence of yield stress. The present study provides a satisfactory outcome
that represents some of the natural phenomena, especially the flow of blood in narrow arteries which can be
handled and processed in case of dysfunction. The conclusions can be summarized as follows:

» it is possible to enhance the pressure rise, frictional force, temperature and peristaltic pumping
performance by taking the variable viscosity into account;

» the pumping performance increases with an increase in the slip parameter and decreases with an
increase in porous parameter;

» the pressure rise increases with increasing values of the yield stress, amplitude ratio and angle of
inclination;

» the magnitude of the pressure gradient is an increasing function of the yield stress, amplitude ratio
and velocity slip parameter, and is a decreasing function of the Darcy number and angle of
inclination;

> the frictional force due to changes in the values of the yield stress, amplitude ratio, velocity slip
parameter and angle of inclination decreases the frictional force and increases with increasing values
of the Darcy number;

> the temperature increases with an increasing amount of the yield stress, amplitude ratio, velocity slip
parameter, thermal slip parameter, the angle of inclination, Eckert number and Prandtl number, and
decreases with an increasing value of the Darcy number;

» the volume of tapered bolus increases with an increase in the value of the yield stress, amplitude
ratio and velocity slip parameter, and decreases as the Darcy number increases.
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Appendix

The expressions that appear in Section 3 are listed as follows
Ry =-120,[or, (2r + {—2 + rp}rp)tanh_l oh,

R, :—2af\/ﬁh(2r+{—2+rp}rp)(h+rp = 2,/hr, ),R3 =24a1\/@,

R, 230L1r2 +2r[—3+(x1{12 hr, —=8,Jrr, —3(h+rp)ﬂ,

Rs =18+ ;| ~3h(=2+1, ) =24, + 161, + 31, (1=3r, +4lr, ) |

3
Rg =8a,r jor, tanh_l\/oc_ﬂf—4(oc1rp )5 tanh ™/ ar, (2 - rp),

R; =8 Joyr, [tanh_l or, —tanh_11/(x]r},R8:—log(l—oclr)+alrlog[ZjZ:§J+log(]—oc]rp),

(Xll’p—]

Ry =0, (—2+rp)rplog( }Rlo —30/Da i’ (h+rh—2h\/§),R” 230(xlog(]1_aﬂh}

a1h—] —(th

R12:300&{\/;(4—3x/¥)+rlog[ll__%]f:j—]],]?”:120am[tanh—1 o, th —tanh ™’ a1h],

Ry, =ah 10hﬁ(4—3ﬁ)+5hr2 {1+6log(]]_a1};lj}—l5h],

— 0T

R;s =oh 3h2ﬁ(8—5ﬁ)+h2r3{1+301og(]1_§11’2j}—104,
Yy

2.2 _
R, = 300k’ log(a,th Ij[iﬂhj.
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Nomenclature

a — tube radius
b — amplitude
¢ —wave speed

¢, — specific heat at constant pressure

Da - Darcy number
Ec — Eckert number
k — thermal conductivity
P —pressure gradient
Pr — Prandtl number
Re — Reynolds number
(r,z) — radial and axial coordinates

r, —plug flow radius

P
T — temperature
t —time
u — velocity in axial direction
O - volumetric flow rate
O - time averaged flow rate
w —velocity in radial direction
w, — velocity in plug flow region
o — velocity slip parameter

o; — viscosity parameter
— angle of inclination
— thermal slip parameter

— amplitude ratio
— dimensionless temperature
— wavelength

u(r) — variable viscosity

B
Y
8 — wave number
€
0
A

1 —ratio of yield stress to wall shearing stress

1,, — shear stress along radial and axial coordinates

rz
1) - yield stress

y — stream function
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