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The intricacy in Lekhnitskii’s available single power series solution for stress distribution around hole edge
for both circular and noncircular holes represented by a hole shape parameter ¢ is decoupled by introducing a new
technique. Unknown coefficients in the power series in € are solved by an iterative technique. Full field stress
distribution is obtained by following an available method on Fourier solution. The present analytical solution for
reinforced square hole in an orthotropic infinite plate is derived by completely eliminating stress singularity that
depends on the concept of stress ratio. The region of validity of the present analytical solution on reinforcement
area is arrived at based on a comparison with the finite element analysis. The present study will also be useful for
deriving analytical solution for orthotropic shell with reinforced noncircular holes.

Key words: power series, stress ratio, non-circular hole.
1. Introduction

Composite structures invariably have reinforced holes in aerospace industries. Holes are also
reinforced during repair. Lekhnitskii [1] obtained the distribution of stresses around unreinforced holes in an
orthotropic plate for different shape parameter, € which represents noncircular holes. Following Lekhnitskii
[1], Rajaiah and Naik [2] obtained stress distribution for a square hole with € = -1/9 having a corner radius of
0.2 times hole width in an infinite orthotropic plate and perturbed ¢ to arrive at an optimum hole in the form
of a double barrel shape that has uniform stress distribution in tension and compression regions (Appendix
A). It is well known that due to micro mechanical behavior at the hole edge, strength of the laminate is much
higher than theoretical prediction. This concept was experimentally proved by Whitney and Nuismer [3], and
evolved point stress criterion that requires stress distribution ahead of a circular hole. This was analytically
derived by Konish and Whitney [4]. However, for a highly orthotropic laminate (E;/Et=55) their solution
becomes invalid. For such cases, Kumar et al. [5], following an inverse approach based on Lekhnitskii’s
solution, obtained an expected result ahead of the hole by considering the Fourier series approach.

In the present work, Lekhnitskii’s solution for a non-circular hole in terms of &, is suitably
manipulated and expressed in unknown Fourier coefficients for obtaining full field stress distribution and is
extended for reinforced square holes. An iterative procedure is followed to determine the unknown
coefficients. A uniform reinforcement region over the plate surface around a square or noncircular hole
(defined by ¢€) obtained by the present analytical expression is confirmed by the finite element analysis.

* To whom correspondence should be addressed
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2. Method of approach

The available Lekhnitskii’s solution for tangential stress distribution around a non-circular hole edge
in an infinite laminate plate under uniaxial tension is given in terms of € as

AD4 cos0+ BC4n sin0 — 8[AC4dkn cos 9+3AD4 c0s 30+

2
o =pi+L +BC4(Zsin9+351n36)]—82C4n Ak(rcos ACY dkn cos 0+34D7 cos 30+ L -(2.1)
O "2 2

BC* (1sin6-+ 3hsin30) )

The contour of square holes and noncircular holes corresponding to € is given in Appendix A.
The terms in Eq.(2.1) are depicted in Appendix B.
2.1. 6¢/ 6 as a sum of each individual term in ¢

In the present study, Lekhnitskii’s solution is expressed in separate trigonometric series with

orthotropic constants corresponding to each order in €. As constants A and B are given in terms of €, 64 /G is
expressed in the full power series of € up to ¢’ by substituting A, B, C, D and L in Eq.(2.1) as

2 3 4 5 6 7
Oy Xog+tex; +ex,+ex3+€ X, +€X5+€ x5+ X,

6 X pteX, + e X, 48X, 18 X, 1€ X, 160X, 16 X 22
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where, xy, x;, X5....and Xj, X;, X;... are cosine series with cosine terms up to cos/§6.
For terms independent of &, x, is given by
Xy = Xgg + X»c0820 + x,,c0540 + x5c056 0 + x5c0880 + x/);,c0s100 + 23)
+X7;,€08120 + xy;,c08140 + x);5c08160 + X, 5c081 80 '
and x; as
X; = X; + X;,€0820 + x;,0540 + x;5C056 0 + x;5c0880 + x;;,c051 00 + 2.4)

+X;7,€08120 + x;;,,008140 + x;;5c08160 + x;;5c08180

fori=1,2,3,4,5 6and 7.

In a similar way for terms in the denominator X, and X; in Eq.(2.2) can be represented by replacing x
by X'in Eq.(2.3) and Eq.(2.4).

In other words, oy /o can be expressed as

og/o ==L ) (2.5)
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It is possible to obtain oy /o as a target expression of ZCl-si as described in Appendix C. Applying
i=0
the standard iterative method, the coefficient of €, ¢; can be determined using the following equation.

i—1

;X
For >0, c =L, (2.6)
1 XO

c;can be expressed as n;/N,. Thus oy /o can be written as

S0 _ Mo ol M1\ g2l M2y el M| (2.7

The term ny/N, which is independent of € corresponds to the stress distribution around a circular hole
in an orthotropic plate as Kumar et al. [5-6]

_ © (.. . .
2= ! 05529 ¥ 212 = 234 cos 20+ 3 {%_f - 414}.1}%2;9, (2.8)
0 p p j=2 P P
{isotropic plate solution} + {additional terms in p for orthotropic plate}
(circular hole) (circular hole)

p is the ratio of the distance of a point on the surface from the center of the hole, to the width or radius of the
hole along the x-axis or y-axis.

2.2. Fourier terms
The first term in power series in € is expressed as
Cy :I’l]/N(): (X] —N] I’lo/N()) /N()

The above expression, being a division of two cosines series, can be written in a Fourier expression
as given below.

Sy =
—+>» S,.c082/0. 2.9
2 ; 2j J ( )

The values of S5 can be found out by using the standard technique for finding the Fourier
coefficients by iteration as obtained by Krylov [7]. The methodology adopted is given in Appendix D.

In a similar way, each term n;/N, for each power series in € can be determined. The full field stress
distribution in an isotropic plate with a square hole can be determined with the inclusion of parameter p
along with the Fourier coefficients in the analytical expression. Using the methodology illustrated in
Appendix D, the Fourier coefficients and the higher order terms in p can been found out and an additional
term corresponding to stress distribution in an isotropic plate is expressed as
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| S| 4j-3 4j-1 )
Z[sz 5 { T |cos2/8 (2.10)

=1 j=1 P p

where S;are the isotropic coefficients for a square hole with a rounded corner.

Stress distribution in an orthotropic plate can be written as a sum of stress distribution in an isotropic
plate and additional terms due to the orthotropic property. Additional terms found out using the same
sequence of analytical steps as illustrated in Appendix D, is given below.

2| [~ (So-8i),; (4j+1 4j+3 © (S0-Si),: (4i—3 4i—1
i J Jt J+ . 2j J j )
2[8 [z 152 4j+2_p4j+4 cos216+z 3 = 7 cos2/0 ||. (2.11)

i=1 =0 P

The full field stress distribution in an orthotropic plate with a square hole can be written as the sum
of stress distribution in an orthotropic plate with a circular hole and higher order terms of p and ¢
corresponding to isotropic and orthotropic material properties as given below

G J—cos20 I 3 isotropig plate
=) T3 52578 26 > solution
© ur 2" 2 (circular hole)
+
. c additional terms in
2/ 473 4j-1 . p for orthotropic
—————|c0s 20 >
Z 2 {p"/ 2 pt / plate (circular
j=2
hole)
- +
<\ X Si,.[4i-3 4i-1 additional termin  (2.1)
Z S’Z 22] { i J2 " J4 7 |¢08 2j0 —— >  isotropic plate
=1L Jj=1 P P (noncircular hole)
J’_
L (So-Si),; 1 i
. Z( 4 )22] [4£ ; 21 - 4{, ;43 JCOS 2j0+ additional terms in
Z o | 70 - P p for orthotropic
- 2 (So-8i),; (4j-3 4j-1 , plate
i +z B {; 7 J4 — |c0s2,0 (noncircular hole)
j=2 2 p*/ p*/

where, Ss are the orthotropic coefficients for a square or a noncircular hole.
2.3.Stress ratio

The ratio of total thickness of the plate (in a closed region around the hole) including reinforcement
thickness to virgin plate thickness is defined by the stress ratio. This ratio is derived from the ratio of 6y /c of
an unreinforced hole solution to that of reinforced hole.

t+t, (50/9)ype 2.13)

Stress ratio = .
(50/0) ¢
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2.4. Tangential stress distribution around reinforced square hole (Appendix A)

It has been reported in Mohan and Kumar [8] that once an analytical solution for stress distribution
of an unreinforced circular hole in a structure under a given loading is available, then it is possible to obtain
in general, any target value for oy /o for a reinforced hole by simply considering the stress ratio, and even to
arrive at a nonsingular solution! Thus Eq.(2.13) can be written as

(% J :7t (% ] . (2.14)
o r+t o
re r ure

2.5. Finite element analysis

Finite element analysis is basically carried out to arrive at reinforcement area over the shell surface
around the hole for a given target stress ratio of say, 2, so that Eq.(2.14) converges to the numerical result. It
may be noted that for this stress ratio, the reinforcement thickness ¢, equals the virgin plate thickness ¢
(Fig.1., Eq.(2.13)). The uniform reinforcement scheme is followed to cater unforeseen design loads and also
for easy fabrication process. It may be noted that the reinforcement thickness above and below the surface
around the hole is taken as shown in Fig.1.

I Plate wall,

— Reinforcement
{Square area)

Hole width, a

Z ~ Reinforcement
- thickness t:/ 2 on

either side of

Fig.1. Reinforcement scheme.

A quarter portion of a plate containing a hole is modeled with a symmetric boundary condition along
the symmetric planes as shown in Fig.2 with a four node shell element. A tensile load is applied
appropriately. Material properties and dimensions of the plate for the current study are given in Tab.1.
Initially, membrane stress distribution around the square hole in an orthotropic plate under uniaxial loading
is obtained by the finite element analysis for unreinforced holes. Two analyses are carried out by
progressively increasing reinforcement area over the plate surface around the hole till a good agreement for
full filed stress distribution based on the present analytical solution is achieved.
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Fig.2. Finite Element Model of the plate.
Table 1. Material property.

EL ET GLT VLT Plate
Thickness
(GPa) (GPa) (GPa) (mm)
329.5 5.955 4.414  0.346 1.2

3. Results and discussion

The present derivation for an unreinforced hole Eq.(2.12) based on Lekhnitskii’s solution Eq.(2.1) is
validated by comparing the results and given in Fig.3. For a constant reinforcement thickness corresponding
to a stress ratio of 2, the area of reinforcement (Fig.1) around the hole is progressively increased symmetrically
with respect to the hole to observe the convergence on variation of 6, /o as given in Fig.4 for the unidirectional
laminate. The comparison of analytical prediction with numerical results on the tangential stress distribution in
an infinite orthotropic plate with an unreinforced and reinforced hole for layup sequence (0);,, (£454)s, (90)12
and (0, + 45)s with numerical result for stresses around the hole edge is shown in Fig.5. A comparison of full
field stress distribution for the theoretical case in (0);; and (+454)s plate with the finite element approach is
depicted in Fig.6 and Fig.7. The present analytical prediction for reinforced hole is used to eliminate stress
singularity that exists in the case of a highly orthotropic unidirectional laminate and shown in Fig.8.

7';9.%
2.5
%
0 %y
Present Analytical Solution
% Lekhnitskii's Solution Eq. (1)
o \
o

PR —— AL

G,/C

Fig.3. Comparison of stress distribution along the hole edge obtained by the present analytical solution
andLekhnitskii’s solution.
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Fig.4. Comparison of maximum SCF along a reinforced square hole edge for various area of reinforcement
obtained from analytical and numerical model.
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Fig.5. Stress distribution along of the hole edge in (0),,, (04 = 45)s, (£454)s and (90);, laminate sequence for
an unreinforced and reinforced hole.
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Fig.6. Full field stress distribution in (0);, laminate sequence.
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Fig.7. Stress distribution ahead of the hole edge in (+454)s laminate sequence for a unreinforced and
reinforced hole.
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Fig.8. Stress distribution along of the hole edge in (0),; laminate sequence for a reinforced hole for a stress ratio of SCF.
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3.1. Unreinforced hole square hole

Figure 3 shows a very good agreement of the present analytical Eq.(2.12) for the unreinforced square
hole with Lekhnitskii’s solution. A comparison of stress distribution ahead of the hole with the finite element
analysis provided in Fig.6 and shows the efficacy of the present solution. It is concluded that present
analytical equation is validated and can be considered for reinforced holes.

3.2. Reinforced hole

A comparison of the present analytical result with the finite element analysis given in Fig.4 shows
convergence on peak stress value at the hole edge for a reinforcement area of 20a x 20a (Fig.1). Initially, for
a target value of 50% reduction in peak stress on square hole boundary which corresponds to a stress ratio
given in Eq.(2.13), it is obvious that a total thickness after reinforcement should increase by two times virgin
thickness. A comparison with the finite element analysis shows a good agreement for reinforced and
unreinforced square holes in Fig.5 for the type of laminates considered. A comparison of the tangential stress
distribution obtained from the analytical model and finite element analysis for layup sequence (+454)s along
different orientations is depicted in Fig.7 and is in good agreement with each other.

3.3. Nonsingular solution for reinforced holes

It may be noted from Fig.3 that the stress concentration factor for a square hole in a unidirectional
laminate in an infinite plate under axial load is 4.9. This singularity 4.9 can be brought down to unity if the
thickness of the laminate around the hole is increased by 4.9 times the virgin thickness. For such a case, the
present solution for the reinforced hole gives nonsingular solution (Fig.8) as expected. A good agreement
with numerical result can also be seen.

It is well known that the shell solution is the sum of plate solution and curvature effect due to the
presence of a hole as obtained by Kumar et al. [6]. However, once a hole is reinforced, then the plate
solution will be close to that of shell. This is due to the reduction in the influence of curvature effect in the
proximity of the hole. Hence one may conjecture that the solution for an orthotropic shell with a reinforced
noncircular hole for a given loading becomes that of plate solution with an unreinforced hole!!

4. Conclusion

The whole field tangential stress distribution in an orthotropic plate with a reinforced non circular
hole has been analytically obtained for uniaxial tension case following a new methodology. The concept of
expressing the noncircular hole solution for an orthotropic plate as a sum of the circular hole solution and
additional terms to represent non circular holes that is governed by € with isotropic and orthotropic material
constants has been well established. For the highly orthotropic unidirectional laminate, the finite element
analysis results for stress distribution around and ahead of a square hole (¢ = - 1/9) show a very good
agreement with the present analytical solution. Similar conclusions have been drawn for the case of (+ 45) s
laminate where the peak stress is close to rounded corners. It has been shown that the analytical solution is
useful to overcome stress singularity with the presence of the hole by a reinforcement based on the stress
ratio.

Appendix A
The contour of the square hole is described by [1] as

x=a(cos®+ecos30),
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y=a(sinf—¢sin30).

When ¢ is positive, the apexes of the square are located on axes x and y and in the case of negative &,
the sides are parallel to coordinate axes.

e=1/9 =-1/9 £¢=-0.06

For € = 0, the hole will be of circular shape.

Appendix B
E
k=-pu,= |-L
72 ’
£,
n=i(u+u,).

A=ccosB—eNcos N0,
B=sin0+¢eNsinNO,

c? =47+ 8,
L:(BZ—HIZAZ)(BZ—uZZAZ),

p? =—Ak4+A2BZ(1—2k—k2)+B4(2+k—n2),

EY = 47 (2k2—n2 +k)+AZB2 (k2 —2k—1)—34k,
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8(1-k)
(1+k+nf’

h:ﬁ[(z—n)ﬁk(kun—é)}

r:m_IOk—3(1+k2)+n(1+k)],
+k+n) b

s :ﬁ_lf + 3K (n=11)+ k(307 =221+ 27 )+ (n=1) (n=3) |
I+k+n) -

Appendix C

> e
o0

i;() — zcigi (A 1)
i=0

By cross multiplying terms in the above equation

i=0 i=0 i=0

The above equation can be expressed as

ixisi ={icjsjjx[istk], (A.3)
i=0 j=0 k=0

ix,-si = iic Xe (A.4)
i=0

j=0k=0

Substituting j + k =i
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i=0 i=0 j=0
o0 . o0 . n
i=0 =0 j=0
Equating coefficients of €'
i
j=0
For >0,
i—1
=G Xg+ ) ¢ X, ;. (A.8)
Jj=0
Further simplification gives
i—1
¢ =— > (A.9)
o

Using the above expression in an iterative manner all values of ¢; can be found out.

Appendix D

Elaborating Eq.(A.9), the values of ¢; can be determined from the following set of equations.

Cc; = I’l1/N0: ()C] -N1 Vlo/No)/No,

Cr = ng/No = (X2 - (]Vﬂ’l]/ Ng + N2 I’lg/N()))/No.
Similarly, values of ¢;up to i =20 can be found out.

20 = 29/ Ng= (x20- (N1n19/ No+ Nynig/ Ny + N3ny;/ Ny + Nynys/ Ny + Nsnys / Ny +
+Nsniy/ No+ Nynj3 /Ny + Ngnjy /Ny + Nonyy /Nog+ Nygnyg/ Ng+ Nyyng/ Ny +
+N]2ng/No +N13}17/N() +N]4n6/No +N157’l5/N0 +N151’l4/N0 +N17I’13/N() +
+N181’l2/N0 +N19n1 /No +N20”0/N0))/N0.

¢; obtained from the above expressions can be written in the form of n/N,, where n;and N, are cosine series

as illustrated below.
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(”io +n;,c0820+n;,c0s40+n,5cos60+n;5cos80 +n,;, cos]OBJ

3 +n;;,c08120+n;;,c08140+n;;5cos160+n;;5cos 180
N, - (N00+N02c0s26+N04 cos40+ N5 cos60+ Ny c0886+N010005106] . (A.10)

+Ny;,c08120+ Ny, c0s140+ Ny, s c08160+ Ny;5cos180

Using a standard technique illustrated by Krylov [7], the above expression can be expressed in the
Fourier series as

%+2S2j0052j9. (A.11)
j=1

Using the standard technique for determining the Fourier coefficients of a function in the above
form, the coefficients S, can be found out using the following set of equations

Noo So + Noz2 8> + Noy S¢ + Nos S6 + Nos Ss + Nojo S10 + Noiz Si2 + Nopa Si4
+ Nois S16 + Nois Sis = R,

Noz> Sp + (2 Nygg + Nog) S> + (No2 + Nos) Ss + (Nos + Nos) S6 + (Nos + Noo)
Ss + (Nos + Noiz2) Sio + (Nowo + Nozg) Si2 + (Nozz + Nogs) Sia + (Nozs + = ;2.
Nois) Si6 + Nois S1s + Nois Sao

A similar set of equations can be written for j up to 8. For j > 9, a recursive relation of the following
form can be used.

Nois Szj-18 + Nois Saj-16 + Noza Saj14 + Nozz Szii2 + Nozo S0 + Nos Szs +

Nos Szi-6 + Nog Szjiq + Nz Szj2 + 2Ngg Soit Noo Sajez + Nog Spjest Nos Szjvs _ -
+ Nos Sy+s + Noto Sajs10 + Noiz Sajvi2 + Nozg Sojv14 + Nots Szjvi6 + Noss =
S2/'+18

Values of S, can be found out by solving the above set of equations.
The same assumption of higher order terms in p used by Kumar et a/.[5] in the case of a circular hole

is used during the derivation of expression for full field stress distribution in an isotropic plate with a square
hole.

Syi|4j-3 4j-

In the case of a circular hole Cy and C, are constants irrespective of the values » and &, and
correspond to the value of isotropic case. But in the case of a square hole, S) and S, are not constants and
hence they should be considered separately. A new assumption for higher power of p must be used
corresponding to j = 0 and j = [ as given below

S, (4j+] 4j+3

— cos2j0 A.13
4]'2 p4_]+2 p4_]+4 ] J ( )

and for values of j > 2 higher powers of p as given in Eq.(A.12) can be used.
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Nomenclature

a —hole radius
EL — Young’s modulus along lateral direction
Er — Young’s modulus along transverse direction
G.r —modulus of rigidity
SCF — stress concentration factor
Si — isotropic coefficients for square hole
Ss — orthotropic coefficients for square hole
¢t — virgin shell thickness
. — reinforcement thickness
— displacement along x axis
— displacement along y axis
v;r — Poisson’s ratio
¢ — hole shape parameter
oy — tangential stress distribution
oy /o — distribution of tangential stress concentration factor
p —ratio of distance of point on the surface from centre of hole, to the width or radius of hole along x-axis or y-axis
6 — angle measured from loading direction

= < &
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